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1 Introduction and main results 

In this paper, we consider the following compressible and isentropic Navier-Stokes equations 
with density-dependent viscosities 

dtp + A\Y{pu) = 0, 

dt{pu) + div(/ju (g) u) + VP(p) = ;uAu + V{ip + X{p))dwu), x eR'^,t>0, 
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where p{t,x) > 0, u{t,x) = {ui,U2){t,x) represent the density and the velocity of the fluid, 
respectively. And x = {xi,X2) £ M? and t E [0,T] for any fixed T > 0. We denote the right 
hand side of (jl-ip o by 

CpU = nAu + V((/U + A(p))divti). 

Here, it is assumed that 

fi = const. > 0, X{p) = /, j3> 3, (1.2) 

such that the operator Cp is strictly elliptic. 

For simplicity, we assume that the pressure function is given by 

P{p) = Ap\ (1.3) 

where 7 > 1 denotes the adiabatic exponent and ^ > is the constant. Without loss of 
generality, A is normalized to be 1. The initial values are imposed as 

{p,u){t = ^,x) = {pQ,uo){x). (1.4) 

The system (jl.ip - (|1.2p was first proposed and studied by Vaigant-Kazhikhov in [50] in which 
the global well-posedness of the classical solution to (|l.ip - (|1.3p with general data satisfying pe- 
riodic boundary conditions was obtained provided that the initial density is uniformly away 
from vacuum. To authors's knowledge, this is the first result of the global well-posedness to 
the multi-dimensional compressible Navier-Stokes equations with large initial data in the ab- 
sence of vacuum. Then Perepelitsa [45] studied the global existence and large time behavior of 
weak solution to (jl.ip - (jl.2p with 2D periodic boundary conditions. Recently, Jiu-Wang-Xin [31] 
improved the result in [50] and obtained the global well-posedness of the classical solution to 
the periodic problem with general initial data permitting vacuum. Later on, based on [50], [45j 
and [31], Huang-Li relaxed the index /3 to be /? > | and studied the large time behavior of the 
solutions in [21j . However, all these results are concerned with the 2D periodic problems. In 
the present paper, we are interested in the global existence and uniqueness of classical solution 
to 2D Cauchy problem with large data and vacuum. 

There are extensive studies on global well-posedness of the compressible Navier-Stokes equa- 
tions when both the shear and bulk viscosities are positive constants. In particular, the one- 
dimensional theory is rather satisfactory, see [201 1371 ESl El] and the references therein. In 
multi-dimensional case, the local well-posedness theory of classical solutions was established in 
the absence of vacuum (see [l3], [25] and j49j ) and the global well-posedness theory of classical 
solutions was obtained for initial data close to a non- vacuum steady state (see |40j . [19| . [11] . 
[H] and references therein). For the large initial data which may contain vacuums, the global 
existence of weak solutions was obtained when 7 > y, (iV = 2, 3) in general case and 7 > 1 if 
assuming space symmetry (see [36], [13], [28]). However, the uniqueness of such weak solutions 
remain completely open in general. By the weak-strong uniqueness of [16], this is equivalent to 
the problem of global (in time) well-posedness of strong solution in the presence of vacuum. It 
should be noted that if the solutions contain possible vacuums, the regularity and uniqueness be- 
come difficult and subtle issues. In 1998, Xin showed [51] that if the initial density has compact 
support, any smooth solution in C^{[{)^T];H^{R^)) with s > [N/2] -|- 2 to the Cauchy problem 
of the CNS without heat conduction blows up in finite time for any > 1. Then Rozanova 
[46j generalized the results in [51] to the case the data with highly decreasing at infinity. Very 
recently, Xin-Yan [52] improves the blow-up results in [51] by removing the assumptions that 
the initial density has compact support and the smooth solution has finite energy. On the other 
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hand, the short time well-posedness of either strong or classical solutions containing vacuum 
was studied recently by Cho-Kim [9] and Luo[39] in 3D and 2D case, respectively. A natural 
compatibility condition was imposed in [S] to guarantee the local well-posedness of the classical 
solution for the isentropic CNS with general nonnegative initial density. More recently, Huang- 
Li-Xin [22] proved the global well-posedness of classical solutions with small energy but large 
oscillations which can contain vacuums to 3D isentropic compressible Navier-Stokes equations. 

The case that the viscosity coefficients depend on the density has received a lot attention 
recently, see |3lll[5l[IIl[l2l[I71[26l[271[28l[29l[30l[M^ and 
the references therein. When deriving by Chapman-Enskog expansions from the Boltzmann 
equation, the viscosity of the compressible Navier-Stokes equations depends on the temperature 
and thus on the density for isentropic flows (see |38j). On the other hand, in the geophysical 
flow, the viscous Saint- Venant system for the shallow water corresponds exactly to a kind of 
compressible Navier-Stokes equations with density-dependent viscosities (see |15|). Similar to 
the case of constant viscosities, the well-posedness theory to the one-dimensional problem with 
viscosity coefficients depending on the density has been well-understood. However, the progress 
is very limited for multi-dimensional problems. Even the short time well-posedness of strong or 
classical solutions has not been established in the presence of vacuum. Also, the global existence 
of weak solutions to the compressible Navier-Stokes equations with density-dependent viscosities 
remains open, except assuming some space symmetry |17] . One can refer to [5], [18], [H] and 
references therein for recent developments along this line. 

In this paper, we are concerned with the global well-posedness of the classical solution to the 
2D Cauchy problem (jl.ip - ()1.4p with general data permitting vacuum. Compared with [50] and 
|31j for 2D periodic problems, some new difficulties occur. First, the Poincare-type inequality 
fails for the 2D Cauchy problem. In particular, by the elementary energy estimates in Lemma 
13.11 we have y/pu G L°°(0, T; L^(R^)) and Vu G L^((0, T) x R^), which give no information on 
the integrability of the velocity u in the whole space. While the L^-integrability (1 < p < oo) 
of the velocity u plays a very important role in the arbitrarily L^-integrability (1 < p < oo) 
estimates of the density p in Lemma 13.51 One way to encounter this difficulty is to get the 
weighted estimates of the velocity like |x| a'Vu G L^((0, T) x R^) with suitable a > 0, which will 
lead to It G ^^(O, T; (R^)). The weighted estimates of the velocity \x\^Vu G L'^{{0,T) x R^) 
are strongly coupled with the higher integrability estimates of the density function, see (|3.7|) in 
Lemma 13.21 Therefore, the delicate combination of the new weighted estimates to the velocity 
and the techniques in [50] and [31] for 2D periodic problems yields the expected L^-integrability 
(1 < p < oo) estimates of the density p in Lemma 13.51 With Lemma 13.51 in hand, one can get 
the higher order estimates as in [50] and [31] to get the upper bound of the density. For this, 
the weighted estimates for the density (Lemma 13. 7p and weighted estimates of Vii (see Lemma 
13. Sp will be established. In particular, it is highly nontrivial to get the weighted estimates 

a'Vttll^.a ^ or 2'y^u||^ooj;^2 (see (|3.72p ) where we will make full use of the sharp Cafferelli- 
Kohn-Nirenberg inequality [6] and Gagliardo-Nirenberg inequaltiy [7] for the best constants and 
the weighted estimates for the singular integral operators [U]- Furthermore, the higher order 
estimates in Lemma 14.81 also involve the weighted estimates and are also crucial to get our 
results. It should be noted that in [39] Luo studied the Cauchy problem of the 2D compressible 
Navier-Stokes equations with constant viscosities by using the homogeneous Sobolev spaces and 
weighted estimates and obtained the local existence and uniqueness of the classical solution 
for large data with vacuum. The main reason that the global existence and uniqueness of the 
classical solution in this paper is that the bulk viscosity \{p) = p^ with /5 > 3 will provide higher 
L^(l < p < oo) estimates of the density and based on this observation we can furthermore obtain 
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the upper bound of the density, and then get our main results. 

It is also interesting to obtain various weighted estimates of the density and velocity itself 
m p < oo) spaces. These self-contained estimates reflect the fact that the weighted 

density and weighted velocity propagate along with the flow. Moreover, the weighted estimates 
will provide an appropriate approach to deal with the two-dimensional Cauchy problem of other 
fluid models having similar structure. As an example, it is possible that the methods here can 
be applied to 2D Cauchy problem of MHD systems as in [2]. Very recently, we just learned that 
Huang-Li [21] studied the Cauchy problem (jl.ip - (jl.4p independently and obtained the global 
well-posedness of strong and classical solution in quite different weighted spaces and by using 
different approaches, in which the index /3 > |. 

The main results of the present paper can be stated in the following. 

Theorem 1.1 Suppose that the initial values {pQ,uo){x) satisfy 

< {po{x), P{po){x)) G W'^'^iR') X W^'''{R'), uo{x) e n D\r'), 

(1.5) 

/9o(l + kr^) G l1(]R2), ^uo{l + \x\^) e L\R^), Vuo\x\^ e l\r^), 

for some q > 2 and the weights < a < 2Vv2 — 1, a < ai, and the compatibility condition 

-CpoUo - VP(/9o) = ^/Pogix) (1.6) 
with some g satisfying g{l + \x\'2) £ L^(M^). // one of the following restrictions holds: 

1) l<a< 2\/V2-l, /? > 3, 7 > 1, (1.7) 

2) < a < 1, ^ > 3, 1< 7 < 2/3, (1.8) 

then there exists a unique global classical solution {p,u){t,x) to the Cauchy problem (|l.ip - (|1.4|) 
with 

0<p<C, {p,Pip))it,x) G C([0,r];W^2,,(^2))^ ^ ^ C([0,r];Li(M2)), 

^n(l + |x|t),^u(l + |x|t),Vn|x|t G C{[0,T]; L'^{R'^)), 

uG C([0,r];L^nL>2(E2))nL2(o,r;L^ nL>3(]^2))^ L°°{0,T;D^{R'^)), 
tu G L°°{0,T;D^^i{R'^)), ut G L^{0,T; {R"^) n D^R'^)) 
Viut G L^{0,T;D^{R^))nL'^{0,T;Ll^r\D^{R^)), tut G L~(0, T; D^^M^)), 
Vty/putt G L2(0,T;L2(r2)), t^u^^ ^ L°^{0,T; L^{R^)), tVuu G L^{Q,T-L^{R^)), 

where ii is the material derivative of u defined in ()2.3p . 

Remark 1.1 From the regularity of the solution (p,u){t,x), it can be shown that {p,u) is a 
classical solution of the system (II. ip in [0,T] x (see the details in Section 5). 

Remark 1.2 If the initial data contains vacuum, then the compatibility condition (II. 6p is nec- 
essary for the existence of the classical solution, just as the case of constant viscosity coefficients 
in If. 
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If the initial values are more regular, based on Theorem ll.il we can prove 

Theorem 1.2 Under assumptions of (ll.5p - ()1.8p . assume further that 

< {po{x),P{po){x)) e H'^iM.'^) X H^{R^), uo{x) e n D^{R^) (1.10) 

and the compatibility condition (|1.6|) . then there exists a unique global classical solution (p, u){t, x) 
to the Cauchy problem ()l.ip - ()1.4p satisfying all the properties listed in ()1.9p in Theorem \l.l\ with 
any 2 < q < oo. Furthermore, it holds that 

u G L\Q,T-D\R^)), {p,P{p)) G C{[0,T];H^{R')), 

pu G C{[0,T];D^ nD^{R^)), ^\ G C7([0, T]; ^^(M^)). 

Remark 1.3 In fact, the conditions on the initial velocity uq in (jl.lOp can be weakened to 
uoeD^n D'^iR'^) and ^V^uq G L'^{R'^) to get (fTTTIl . 

Remark 1.4 In Theorem it is not clear whether or not u G C([0, T]; D^(]R^)) even though 
one has pu G C{[0,T]; D^iR"^)). 

The plan of the paper is as follows. In Section 2, we present the reformulations of the system, 
some elementary facts and inequalities. In Sections 3-4, we derive a priori estimates which are 
needed to extend the local solution to global one. Finally, in Section 5, we prove our main 
results. 

A^oiaizons. Throughout this paper, positive generic constants are denoted by c and C, which are 
independent of m and t G [0, T], without confusion, and C(-) stands for some generic constant(s) 
depending only on the quantity listed in the parenthesis. For functional spaces, LP(]R^), 1 < 
p < oo, denote the usual Lebesgue spaces on and || • \\p denotes its norm. W'''P{R'^) 
denotes the standard k*^^ order Sobolev space and H''{R'^) := W''''^{R'^). For 1 < p < oo, the 
homogenous Sobolev space D'''P{R'^) is defined by Z)'='P(]R2) = {n g L;^^^(M2)| || v^n||p < +00} 
with \\u\\jjk.p := llV'^nllp and Z)^(R2) := D''^'^{R'^). 

2 Preliminaries 



As in [50], we introduce the following variables. First denote the effective viscous flux by 

F = {2p + X{p))diYU-P{p), (2.1) 

and the vorticity by 

W = dxiU2 - dx^ui. 

Also, we define that 

P P 
Then the momentum equation (jl.ip n can be rewritten as 



ui=uit + u- Vui = ^{-pujx2 + Fxj^) = L, 

U2 = U2t + U- Vti2 = ^(/iWxi + Px2) = H, 



(2.2) 
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that is, 

Then the effective viscous flux F and the vorticity cj solve the following system: 



(2.3) 



Hx2 ~l~ -^Xl • 



(2.4) 



(2.5) 



Due to the continuity equation ()1.1P ]^. it holds that 
ut + u ■ Vuj + cjdivn = H^i — L^^-, 

F, + n.VF- p(2/. + Xip))[F{j^y + (,^)']divn 

Furthermore, the system for (H, L) can be derived as 

pHt + pu ■ VH — pHdivu + Ux2 • VF + pux^ • Vw + /^(tjdivn)^.^ 
-{p(2/. + X{p))[F{^y + (^)']divn}^^ 

+ {(2/i + X{p))[{uix^f + 2uix,U2x, + (^2x2)^]}^^ 

= [{2f^ + X{p)){Hx2 + Lx^)]x2 + KHxi -Lx2)x,, 
pLf + pu ■ VL — pLdivn + n^,^ • X/F — p.Ux2 ■ Vo; — p{Ljdivu)x2 
-{p{2p + X{p))[F{^y + (^)']divn}^.^ 

+ {(2/i + X{p))[{uix^f + 2uix2U2xi + (^^2x2)^]}^^ 

= [{2fi + X{p)){Hx2 + Lx-i)]xi - P-{Hxi - Lx2)x2- 

In the following, we will utilize the above systems in different steps. Note that these systems are 
equivalent to each other for the smooth solution to the original system (jl.ip . We first state the 
local existence and uniqueness of classical solution when the initial data may contain vacuum. 

Lemma 2.1 Under assumptions of Theorem there exists a > and a unique classical 
solution {p,u) to the Cauchy problem (|l.ip - (|1.4p satisfying (jl.9p with T replaced by T*. 

Lemma 12.11 can be proved in a similar way as in [9] and |39j . by using the linearization 
method, Schauder fixed point theorem and borrowing a priori estimates in Sections 3-4 of this 
paper. We omit the details here. 

Several elementary Lemmas are needed later. The first one is the various Gagliardo-Nirenberg 
inequalities. 



(2.6) 



Lemma 2.2 (1) V/i G ^^^''"(M^) n L''{M.'^), it holds that 

,,<C\\VhC\\h\\y, 



(2.7) 



where 6 = (- — -)(- — ^ + ^) ^, o.nd if m < 2, then q is between r and , that is, 

A if r > if m = 2, then q e [r, +oo), if m > 2, 



then q £ [r, +oo]. 



2m 
2-m' 



- 2m 

-2-m ' 
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(2) (Best constant for Gagliardo-Nirenberg inequality) 

V/i G B™(M2) = |/i g L"+1(m2) v/i G L2(r2)^/i g L2™(M2)| ^jith m>l, it holds that 

\2m<Am\\Vh\f,\\h\\l^^„ (2i 



where ^ = 5 — 2m ^'^'^ 

with the positive constant C independent of m, and Am is the optimal constant. 
(3) V/i G VF^'™(M2) with 1 < m < 2, then 

< C(2 - m)-\\\Vh\\m, (2.9) 

2 — m 

where the positive constant C is independent of m. 
(^^^ V/i G ''"+'7(R2) m > 2 and < r/ < 1, we have 

\\hhm<Cm^\h\\l^^_^^\\Vh\\'^, (2.10) 

where e G [0, ^],s = ^^^.'^^^^^iZe/ ^'^'^ positive constant C is independent of m. 



Proof: The proof of (1) can be found in [H] while the proof of (2) can be found in [TO] . 
The proof of (3) can be found in |14j and the proof of (4) is a direct consequence of (2) and the 
interpolation inequality. □ 

The following Lemma is about the Caffarelli-Kokn-Nirenberg inequalities, which are crucial 
to the weighted estimates in 2D Cauchy problem. 

Lemma 2.3 (1) \fh e C^(U?), it holds that 

iiixr/iii. <ciiixnv/i|ii^ \\\xfh\\i-' (2.11) 

where l<p, g<oo,0<r<oo,0<6'<l,i + |>0, | + |>0, i + f>0 and satisfying 

- + = - + + 1 _ _ + ^ , 2.12 

r 2 ;j 2 5 2 

and 

with 0<a-aif9>0and0<a-a<lif9>0and^ + ^ = l + ^. 

(2) (Best constant for Caffarelli-Kohn-Nirenherg inequality) 
V/i G C^(]R2), it holds that 

\\\x\^h\\p < Ca,b\\\x\''Vh\\2 (2.13) 

where a>0,a — l<6<a and p = If b = a — 1, then p = 2 and the best constant in 
the inequality (|2.13p is 
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Proof: The proof of (1) can be found in [6] while the proof of (2) can be found in [?]• D 



Lemma 2.4 (1) It holds that for 1 < p < oo and u G C^(M^), 

||Vn||p < C(||divu||p + \\uj\\p)] 



(2.14) 



(2) It holds that for 1< p < oo, -2 < a < 2{p - 1) and u G C^{R^) 



\x\ p |Vn|||p < C(|||x| pdivu||p + |||2;| pa;||p). 



(2.15) 



Proof: (1) Since 

Am = V(divu) — V x V x n = V(divti) — Vxuj, 
where Vx denotes the 3-dimensional cur/ operator, and 

V X w = {dx^uj, -dx^uj,0) 

is regarded as the 2-dimensional vector (dx2^, —dxi^^Y, then it holds that 

Vu = VA"^V(divii) - VA^^V x a; := 7I(divM) + 7^ w, 



(2.16) 



where 71 = VA and 72 = — VA ^Vx both are the singular integral operators of the 
convolution type which are bounded in LP{M?). Thus Lemma l2.4l (1) is proved. 

(2) If -2 < Q < 2{p - 1), then is in the class Ap (cf. p. 194 in [47]), that is. 



1^1 Jb 



If p' ■ 



< oo, 



for all balls B in M , where p' is the dual to p, i.e., ^ + ^ = 1- Then by the Corollary in p. 205 
of [47], there exist positive constants Ci,C2 such that for u G Cq°(]R^), 



and 



\Ti{dwu)\P\x\'^dx < Ci / \d\wu\'P\x\''dx, 



xl'^dx. 



I \T2 wn^rdx <C2 [ \i0\P\ 

Therefore, it follows from (j2.16p that 



|x| p \Vu\ 11^ 



\Ti{dwu)\P\x\''dx + \T2 ujlPlxl'^dx 



\dwu\P\x\'^dx+ / \uj\P\x\''dx 



Crj 



\x\ p divu||^ + II 1^1 pu}\\P 



Thus the proof of Lemma 12.41 (2) is completed. 



□ 



3 A priori estimates (I) 



In this section, we obtain various a priori estimates and weighted estimates on the classical 
solution {p,u) on the time interval [0, T]. Denote 

M = \\{po,P{po))\\w2,, + ||po(l + kr^)||i + \\uo\\D^nD^ + ||k|^(VPo^o, Vuo)||2 + \\g{l + k|t)||2. 

(3.1) 

Step 1. Elementary energy estimates: 
Lemma 3.1 There exists a positive constant C only depending on M , such that 

sup {W^puWl + WpWI^ + WpWi) + r {\\Vu\\l + ||a;||2 + \\{2p + A(p))^divu||2)dt < C{M). 
tG[o,r] Jo 



then summing the resulting equations, we have 



Proof: Multiplying the equation (jl.ip n by u and the continuity equation (jl.ip ^ by Tpjp'^ 



27-1 27-1 ^3_2) 

= div[/xV^ + ip + A(p))(divn)'u] - /i|Vnp - {p + X{p)){d[vuf. 

Integrating the above equality over [0, t] x with respect to t and x yields that 
j {]^p\u\^ + ^^^p^)dx + j [p\Vu\'^ + {p + \{p)){d\wuf]dxdt 



{\po\m? + ^{poV)dx<C. 
I 7 ~ 1 



(3.3) 



Note that 



y [/ilVup + (^f + A(p))(div'u)2](i2; = ^ [^w^ + (2^ + A(p))(divu)2] dx. (3.4) 
Integrating the continuity equation (jl.ip ^ with respect to t,x over [0, i] x yields that 

p{t,x)dx = i pQ{x)dx. 



Thus the proof of Lemma |3. H is completed. □ 
Step 2. Weighted energy estimates: 

The following weighted energy estimates is fundamental and crucial in our paper. 
Lemma 3.2 // one of the following restrictions holds: 



1) 1< a < 2Y ^2 - 1, /? > 0, 7 > 1, (3.5) 

2) < a < 1, /3 > ^, 1< 7 < 2/3, (3.6) 
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(3.7) 



then it holds that for sufficiently large m > 1 and \ft G [0, T], 

+ p^){t,x)dx + [ [|||x|tVu||2(s) + |||x|tdivii||2(s) + \\\x\^ X{p)divu\\l{s)]ds 
t ° 
< CUM) [l + ^ + l)(l|V^^i(s) + 1)^^' 

where the positive constant Ca{M) depend on a and M but is independent of m. 
Proof: Multiplying the equality (|3.2p by yields that 

[|xr(p^ + :^)], + [/i|Vn|2 + + A(p))(divn)2] jxl" 

= -div[|xr (puM! + 1^)] + div[(/xvM! + + x{p)){divu)u) \xr] (3.8) 

+(pM! + . v(|xr) - [/xvM! + + A(p))(divn)^x] • V{\xn. 

Integrating the above equation (|3.8p with respect to x over yields that 



^ J + ::^){t,x)dx + p\\\x\^Vug{t) + ^i|||x|tdivn||i(t) + \\\x\^ ^/x(pjdwu\\Ut) 

= JiP^-^ + • V(|xr)dx - J [/.V^ + (/z + X{p)){dwu)u] ■ V{\xndx. 

^ (3.9) 
Note that the conservation terms in (|3.8p is vanished, which can be proved rigourously by 
multiplying a smooth cutting-off function 4>r{x) = </>(■§) on both sides of the equation (j3.8p . 
where 

m = ^{\A) ^' '"^'^^^ 

0, |x| > 2, 

satisfying |L'(/)(2;)| < 2 and then taking the limit R — )• +00. 



Now we estimate the terms on the right hand side of (j3.9p . First, it holds that 



-u -V {\x\°')dx\ = a\ j p—^\x\^ '^u-xdx\ 

" / ' |3u|a-l ^ " II /-:„,|| II ^|a-l|„,|2| 



< -y pinhxr-^dx < -\^puu\^pu\\\a ,,.1 

< C\\^pU\\\A'^ A?2,. < ^^ll^/p|lpJ|Vu||f lllxl/'^nllf ^ 

<C\\p\\l,\\Vu\\f^\\\x\'^Vu\\f-''^ < 

2 2 

where and in the sequel o" > is a small constant to be determined, is a positive constant 
depending on a. By the Holder inequality and the Caffarelli-Kohn-Nirenberg inequality in 
Lemma [2.31 (1). the positive constants pi > 2,qi > 2,qi > l,/3i > 0,6i G (0,1) in the above 
inequality (|3.1Up satisfying 

1 1 _ 1 
Pi qi 2' 

2^ + — -^^(2 + ^) + (^-^^)(^ + y)' 
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and 

1 /3i 1 f-1 

h — = - + . 

gi 2 2 2 

The combination of the above three equahties yields that 

P, = J^. (3.11) 

Note that one should choose the parameters a > and < < 1 such that pi > 2 in (|3.1ip . 
Now choose m > 1 sufficiently large such that 2m/3 + 1 > Therefore, by the interpolation 
inequality, it holds that 

I 297 ^11 II 257 II II "29 



with ai G (0, 1) satisfying 
which implies that 



II II 2tfl ^ II II II II 2Bi fey -I r)\ 

\\p\\v2 < IIpIIi \\p\\2„i+v (3-12) 

1 2m/3 + 1 ~ ^Ji ~ 

'^^ = ^^"('+2^) + 2^- 
To close the estimates in Lemma 13.51 the following restriction should be imposed to p.l2p 

For definiteness, we can choose 6*1 = 5 and then oi = f — |^ £ (0, 1) . Obviously, the restriction 
Oi = \> ^(1 - ai) = ^(1 - f + 1^) is satisfied if m > 1. Then it follows from (fXT2D that 

mi <c{\\p\i^p^^ + i), (3.13) 

2 

with the positive constant C independent of m. 
Then it holds that 

• V(|x|")dx| = / p^lxl^-^-u • xdxl 

7-1 7-1 J 

< / p^l-ullxp-^dx < ^^||/O^LJ||x|"-^'u|L, 

7-17 7-1 ^ (3.14) 

< C\\p'^\\r,^\yu\\l'\\\xf'u\\]r'^ < C||p||^,,||Vn||^^|||x|tVn||^"^^ 

27 292 27 

< cj|||x| tVnIll + CJpWp^j^ l|V'u||2+*' < a|||x| tVnIll + Ca\\p\\pt'^ (l|Vu||^ + 1). 

By the Holder inequality and the Caffarelli-Kohn-Nirenberg inequality in Lemma 12.31 (1), the 
positive constants p2 > l,q2 > ^,Q2 > ^,(^2 > 0,^2 G (0; 1) iii the above inequality (|3.14p 
satisfying 

1 1 

- + - = 1, 

P2 q2 

^ + ^ = '^(2 + ^) + (^-'^)(^ + T)' 

and 

1 , /32 1 f-1 
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The combination of the above three equahties yields that 

Note that one should choose the parameters a > and < ^2 < 1 such that p2 > 1 in P-lSp . 
Now choose m > 1 sufficiently large such that 2m/3 + 1 > P27- Therefore, by the interpolation 
inequality, it holds that 

II II l+''2 ^ II l|l+»2'*^ll Ill+So'- , . 

||/?||p27 < \\Ph IIPll2m/l+l ' (3-16) 

with 02 G (0, 1) satisfying 

02 _^ 1 - 02 _ J_ _ 2 + a(l + 6'2) 
7 2m/3 + 1 P27 47 ' 

which implies that 

2 + 0(1 + ^2) 
02 — )■ , as m — )• +00. 

The following restriction should be imposed to (j3.16p 

(l-a2)</3, i.e. 1 + ^2 > ^(1 - ^2). (3.17) 



1 + 6*2' ' ~ ^ - /3 

For ?n 3> 1 large enough, it is sufficient to have the following restriction 

That is 

(l + ^2)(^ + f)>l. (3.18) 
7 2 

Consequently, if 

1< a < 2, ^ > 0, 7 > 1, (3.19) 
we can choose 0<^ — 1<02<1 such that (j3.18p and hence (j3.17p hold true for m ^ 1. If 

< a < 1, /3 > ^, 1 < 7 < 2/3, (3.20) 

we can choose max{ ^ — 1,0} < 62 < 1 such that (jS.lSp and hence (|3.17p hold true for large 
m ^ 1. 

Then it follows from (j3.16p that 

\\p\\M~' <cmLi3+i + ^) (3-21) 

with the positive constant C independent of m. 
Now one can compute that 

|2 



-J /iV^ • V(|x|")dx| = /Lta| J u-Vu- x\x\°'~'^dx\ 

III \2.-r—, II III I— — 1 II M^^lll I— T— 7 II 2 

< /ia|||2;| 2 Vu||2|||x| 2 ii||2 S ^ Vu||2, 



(3.22) 
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where in the last inequahty one has used the best constant ^ for the Caffarelh-Kohn-Nirenberg 
inequahty in Lemma 12.31 (2). Similarly, it holds that 



^i{divu)u ■ V{\x\'^)dx\ = fia\ / (divu)|x|" '^u ■ xdx\ 



2 

III I— 1- II III I— — 1 II III I— T II III 1—^ II 

< /ia|||x| 2 divu||2|||a;| 2 u||2 < |||x| 2 divu||2|||x| 2 Vu||2. 



(3.23) 



Then it follows that 



A(p)(div„)„ . V(|xr)d.| = al / A(p)(div„)|.r-„ . 



< Q||yA(^|x|tdivn||2||\A(p)|| P3 lll^l ^ 



P3 111-^1 ""1193 

^3||U|/33„||l-e3 



< C||VA(p)|x|2divn||2||p2||pJ|Vn||^^|||x|^3n|lg3 

<C||yA(;^|x|tdivn||2||p||i3||Vn||^^|||x|tVn||^-^3 

2 

<a||yA(;^|x|tdivn||2 + a||p|||^||V^x||f^|||x|tVn||f"'=') 

,5 



(3.24) 



<^[ll\AG^k|2divu||i + |||x|2Vn||i] +CM%^\\Vu\\l 

2 

By the Holder inequality and the Caffarelli-Kohn-Nirenberg inequality in Lemma 12.31 (1), the 
positive constants ps > 2,(73 > 2,53 > l,/33 > 0,^3 S (0,1) in the above inequality (I3.24p 
satisfying 

1 1 _ 1 
P3 q3 2' 

qs 2 ^^2 2 ^ ^ "^^^^3 2 ^' 

and 

1 I /g3 _ 1 f - 1 

^322 2 ■ 
The combination of the above three equalities yields that 

Note that one should choose the parameters 0,63 £ (0, 1) such that p3 > 2 in (|3.25p . By the 
interpolation inequality, it holds that 

^ ^03 ^(l-as) 

IIpIIp^ < WpWi' IIPll2m/3+l ' (3-26) 



2 



with 03 G (0, 1) satisfying 
which implies that 



03 1 - Q3 _ _ 063 
1 2m/3 + 1 ~ p3^ ~ 2/3 ' 



003 _ 1 

ads , 2/3 ^ 
^3 = TTTT + 



2/3 2m/3 

The following restriction should be imposed to (j3.26p 

^{l-a3)</3, i.e. es>{l-as) 
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For definiteness, one can choose ^3 G (0, 1) 

03>1-^ 

^ - 2f3 

if m is sufficiently large. Then it follows from (j3.16p that 

\\p\\il<C{\\p\\L^^, + l) (3.27) 
2 

with the positive constant C independent of m. 

Substituting (IHTU]) . (pmi) . (imjl . ([321]), (1223), (13231), (1^:^ and (l^:?ni into ^ yields 
that 



(i /" \u\ 

J kr(p^ + ;^3Y)(t,x)a!x + |||x|tyA(^divu||^(t) 



2 2 

1 - Y''l"^l^^'""2 - yI"^'^^""^"'^'^*^^'^'""^ llkl^divnll^ ^'^•^^) 



< a[||7AMkl^divu||2 + 3|||x|tV^z||2] + C4\\p\Cp_,, + l)(||Vt.||2 + 1). 
The determinant of the quadratic term in the second line of (j3.28p can be calculated by 

4 2-1 

A = _-4(l--) = -(a^ + 8a2-l6). 
Therefore, if the weight a satisfies 

< < 4(\/2 - 1), (3.29) 

then the determinant A < 0, and thus there exists a positive constant Cq such that 
2 2 

/ ^ I — ii9 III i—t—r II III I— 1- II III I— 1- ii9 ^ 1 fill I — ii9 III I— T ii9 

(1 — — )|||x| 2 Vullg — — |||x| 2 Vm||2|||x| 2 divn||2 + |||x| 2divu||2 > \\\x\ 2 Vn||2 + |||x| 2divii||2 . 

(3.30) 

Substituting (|3.30p into ()3.28p . choosing a suitably small in p.28p and noting that 



/ 



p2\x\°'dx < llpokrilillPo ^lloo < C'l|Po(l + kr')l|i||poll^^2LK2) < C, 



yield the estimate ()3.7p in Lemma 13.21 The restrictions of a p.Sp and ()3.6p follow from (j3.19p , 
(I3:20]l and ([3:29]) . □ 

Step 4. Density estimates: 

Applying the operator div to the momentum equation (|l.iP n. it holds that 

[div(pM)]t + div[div(/)u ® u)] = AF. (3.31) 
Consider the following two elliptic problems on the whole space M?: 

= div(pM), (3.32) 

Ar] = div[div(/9u u)], (3.33) 

both with the boundary conditions ^, 77 — )• as |x| — >• 00. By the elliptic estimates and Holder 
inequality, it holds that 
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Lemma 3.3 (1) ||V^||2m < C?n||p|| 2mfc ||M||9mi-, for any k > \,m > 1] 

k — 1 

(2) WVih-r < C\\^uh\\p\\\^ < CIIpIiL, for any < r < 1; 



(3) Wvhm < Cm\\p\\2nik\\u\\l^f,, for any k> l,m>l; 

k — 1 

where C are positive constants independent ofm,k and r. 

Proof: (1) By the elliptic estimates to the equation (j3.32p and then using the Holder inequality, 
one has for any k > l,m > 1, 



|V.^||2m < Cm\\pu\\2m < Cm||/3|| 2mfc ||m| 



2mk • 



Similarly, the statements (2) and (3) can be proved. □ 
Based on Lemmas 12. 2112. 41 and Lemma 13.31 it holds that 



Lemma 3.4 (1) ||^||2m < Cm^ ||V£|| 2,n < Cm^ \\p\\m, for any m > 2; 



771 + 1 



(2) \\u\\2m < Cm^\\Vu\\l II |x|tVu||f, /or any m + 1 > ^; 



3,1 „ ,,1 



2 „ 2 



(3) ||V£||2m < Cm2A;2 llpllajTTfc ||Vu||2 '"'="|||x| 2Vu||2™'=", for any k > l,m + 1 > ^; 



fc~i 



(4) hhrn < Cm^fc||p||2777fc ||Vn|U ||b|tVti|U"''°, for any k > l,m + 1 > ^; 
where C are positive constants independent ofm,k. 

Proof: (1) By Lemma [T3] and Lemma [3^ (2). it holds that 

lieibm < Cm5||V£||^ < Cm5||^n||2||p||i < Cm^\\p\ 



1 

2 

rn ) 



where in the last inequality one has used the elementary energy estimates p.3p . 

(2) If m + 1 > ^, then by interpolation inequality and Caffarelli-Kohn-Nirenberg inequality, 

U\\m+1 < \\u\\2m\\u\\^4r^ < C|| u||^„ || |x| t Vti|| (3.34) 



it holds that 



where 

1 _ a 
a _ rn+l 4 



a ■ 

2m 4 



Then it follows from Lemma O (2) and (f33i|) that 

||w||2m < C'm3||V'u|||"^||u|||^^2k < C7mi||Vn|||"^||u||2t^^^^|||x|tV'a||2^^^^^^"^\ 

which implies Lemma 13.41 (2) immediately. 

The assertions (3) and (4) in Lemma 13.41 are the direct consequences of Lemma 13.41 (2) and 
Lemma 13.31 (1). (3), respectively. Thus the proof of Lemma 13.41 is completed. □ 
Substituting (l332]l and (lOSjl into (fSrsT]) yields that 



A(ei + ??-F) =0, 
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which imphes that 

^t + r]-F = 0. 

It fohows from the definition (j2.1|) of the effective viscous flux F that 

6 - (2/U + X{p))dwu + P{p) + r? = 0. 
Then the continuity equation (jl.ip ^ yields that 

P 



Define 



^(p) = r^^i±Md, = 2^1np+ i(/ - 1). (3.35) 

Ji s p 

Then we obtain a new transport equation 

(e + ^{p))t + u-V{i + u{p)) + P{p) +r^-u-Vi = Q, (3.36) 

which is crucial in the following Lemma for the higher integrability of the density function. 

Lemma 3.5 For any k > 1, it holds that 

sup Mt,-)\\k<C{M) kf^K (3.37) 
te[o,T] 

Proof: Multiplying the equation p.36p by p{{S^ + i^(p))+]^"''~^ with m sufficiently large integer, 
here and in what follows, the notation (•••)+ denotes the positive part of (• • • ), one can get that 



^2m-l 



dx 



2^1 / M(e + "^^^ + / pp{pm + Hp))+?"'-'dx = - J pm+Hp)y 

+ j pu-Vm + <P))+f"'-^dx. 

(3.38) 

Denote 

f{t) = { I p[(e + Kp))+]'™^4^, tG[o,r]. 

Now we estimate the two terms on the right hand side of (j3.38p . First, it holds that 



, /■ 1 „ 2m-l 

prj[{^ + u{p))+f^-^dx\ < J p^\v\[p{^ + i^{p)?r]^dx 



<llp|||„Vihll2„^+illp(^ + Kp))?"lli^'" 

1 1 ^ 2-— — 4-T- ^ ,„ , j,u-„ „ , (3.39) 



^ ^2,„||„|| ||V7„.II |||„|^V7„,II ('"+2^)'=°' fu\2m-l 

'+2? 



<c||/>ll|;;;;3+i(m + — )^/e||plU(,„+^,j|Vn||2 fit) 



2j3' ^^'"+2? 

llr 



1 , 1 o 4(/3-l) 4(,9-l) 
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where in the last inequahty we have taken k = Next, for 2m^p+i + p + | ~ ■'^ with p,q > 1, 
one has 



2ml 



dx 



\2m\\ 2m 

111 

\x\'^Vu\\f^ 



(3.40) 



,1- 



fci \\p\\ 2^ WVuW'^ ' -'""^ II |x| t Vnlir'" /W''"-' 



< Cm' 



4(/3-l) 
a(27?i/3+l) 



i2;!.^iiivnii- '^'^'"^+^'iiix|tv^iir^'"'^"^7(t) 
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4()3-l) 
I a(27n/3+l) 



2m-l 



where in the third inequahty one has chosen p = q = "^"^^^ and k = Substituting ()3.39|) 
and into (I^IBSD yields that 



1 d 



2m dt 
< Cm^l 



pp{pm+u{p)u] 



2m- 1 



dx 



4(/9-l) 



|||a;|f Vn||2"'''"^+'> /(t)'"""'. 



Then it holds that 



4(/3-l) 



4(|3-1) 



< Cm2||p||J+^J|Vn||^'^'-''->|||x|tVn||2"<^'"''+^^ 



Integrating the above inequality over [0, t] gives that 
fit) < /(O) + Cm^ 







l2m/3+l I 



2 4(/3-l) 
2 



4(/3-l) 



*" ||Vn||2 "(''"^+^i|x|tVn||2"^'"''+''dr. 



Completely similar to the proof of Lemma 3.4 in [31], we obtain 



fit) < C 



1 + 



l2m/3+ll 



and 



I|V^X||2 

IL/3+1W <C l + /(t) + m5 



4(/?-l) 
a(2m3 + l) 



|x| 2 Vn|| 



4{£-l) 
a(2m^+l) 



a, 



1/3 



l2m^+l(*) 
l2m/3+lW + c[l + /(0+"^^ 

It follows from ^Mil, (fOSj) and Lemma [32] that 



(3.41) 



(3.42) 



(3.43) 



\Lp+,it)<c fit) + 







m 2/3-1 



< C 

< C 

< c 



■ ^- 2 
77T, 2/3-1 + m 







I -'-+2771 

l2m/3+ 



illVul 



n 4(/3-l) 4(13-1) 

I2 "(''"''+'^|||x|tVu||2"'""^+''dr 



2a(2m;3 + l) 



m 2/3-1 + / |||x| 2Vu||2(T)(iT + m"(2""5+i)-2(/3-i) 

0, 



a(277i^+l) 

' 2>™ a(2>™^+l)-2{/3-l) 
l2m/3+l 



,(1+2^)^ 



||Vn||2(T)dT 



" /3 

?n 2/3-1 + 



/3 

2m/3+l 



(r) + l)(||Vu||i(r) + l)dT 



+m 



1 V q(2777^ + 1) 

iL;;r™-^''-^ivuiii(r)<ir 
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Applying Gronwall's inequality to the above inequality yields that 



P\\2mf^+l{t)<C 



m2l3-l _|_ jTfi 



t 1 s a(2m/3 + l) 

2 / 11 II 2m a{2mP + l)-2{P-l) 





\Vu\\l{T)dT 



Denote 



Then it holds that 

/(t) < c 

< c 



y{t) = m P-^WphmP+lit)- 

/3(l-3/i) /■* I 1 xr-i I 2(13-1) . 

^(2/3-l)(/3-l) _|_ I y(^)l.-^+2mil^+c(2m/3+l)-2(/3-l)J||y^||2(^7-)(^7 



1+ / {y"{T) + l)\\Vu\\i{T)dT 





So applying the Gronwall's inequality the above inequality yields that 

y{t)<C, VtG[0,r], 

that is, 

\\ph^p+i{t) < Cm^^ , VtG[0,r]. 

Equivalently, (j3.37p holds. Thus Lemma [331 is proved. 
Step 4: First-order derivative estimates of the velocity. 



□ 



sup [ (/iw^ H ^——)dx + [ [ p{H^ + L^)dxdt < C. 

t€\0,T]J 2/x + A(p) Jo J 



Lemma 3.6 There exists a positive constant C = C{M), such that 

p2 rT 

I [fiUJ- + — 

te[o,T] . 

Proof: The proof of the lemma is similar to that of Lemma 3.5 in [31] besides the weighted 
estimates. Multiplying the equation (j2.5p ^ by fico, the equation (|2.5P n by 2^i+\{p) ' respectively, 
and then summing and integrating the resulted equations with respect to x G M^, one has 



+ / F(divn) ^^^l V 



)dx + j p{H^ + L^)dx 

u) p{ 
P{P) 



ld_ f 2 

2 dt J ^^"^ + 2/i + A(p) 
= -- / u}'^divudx + - / F^(divii) p( — — - 



1 



dx 



(3.44) 



Set 



2n + \{p) ' 2n + X{p) 
Z\t)= [{puj^ + 



dx 



-)dx, 



2/x + A(p)' 

V^\t) = j piH^ + L'^)dx = j -^[{puj,^,+F^^f + {-puJx2+F^^f]dx. 

Then similar to the proof of Lemma 3.5 in [29], it yields that 
1 d 



2 dt 



z\t) + ^{ty < a^ity + c^{z{ty + iy+—e^^ 



+c 



1 + 



2p + A(^) 



(3.45) 
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Now it remains to estimate the terms 



2/i + \{p) 



of (I3.45|) . By Lemma [2^ for e G [0, ^] and ?? = e, it holds that 

\\Fhm<Cm-2\\VF\\'^\\Fr,^,_^^ 



dx and J \F\\'Vu\'^dx on the right hand side 

(3.46) 



where s 



and the positive constant C is independent of m and e. 



m — e(l — e) 

Note that if e is sufficiently small, then it holds that 
||F||2(i_,) = ||(2/i + A(p))divn - P(p)||2(i-.) 

< 2//||divn||2(i_,) + ||A(p)divn||2(i_e) + \\P{p)\\2{l~e) 



< 2//||(l + |x|t)divn||2||(l + |x|t)-i||2(i-e) + \\^/x(p)divu\\2\\y/x(p)\\2ji-^ + C 



< C 

< C 

< C 



+ l^l 2 )divu||2 + ||\/A(p)divu||2| 
+ |x|t)divn||2 + ||yA(^divn||2(^^^^)^ + 1 



(3.47) 



|x|2div'u||2 + (Z(t) + l)(e P-^ +1) , 
where in the third inequality we have used the fact that 

11(1 + |x|^)~^|| 2(l-.) < +00, 

provided that e is sufficiently small. By ()3.46p . p.47p and setting e = 2"™ with m sufficiently 
large, it holds that 



^ 1 ,m + e, izii , , 
< Cm2( )^~^^{t) 



l-s 



e 

1 TTL l-s 

< Cm2(— )/3-i(^(t) 



l-s 



|x|2div'u||2 + (Z(t) + l)(e /5-1+1) 
Ixl 2divu||i + {Z{ty + 1)(2^ + 1) 
x|tdivn||| + Z(t)^ + l 



(3.48) 



with s 



(l-e)2 



m — e(l — e) 



2// + A(p) 



Then it follows that 



)W^\F\^+T^dx 



< 



{2fi + X{p))^-^(^ 2// + A(p) 

f ( \F? \ ^"2{m-l) 

J \2p + \{p)J ' ' 



2m -3 

|FP \ 2(m-l) 

dx 



2/i + A(p) 



2(m-l) 



ms 

x\^dwu\\^-' + Z(t)^?^ + 1 



2m-3 " m 771 (l-s)m 2m-3 (l-ajm 

= Z{t)~^\\F\\^^' < Cm2(— 1)(— )(/3-i)(— i)Z(t)^^(^(t)^^^ 

1 ?Ti 1 2m-3 (1 — s)m 

< Cm2(— )/3-iZ(t) ™-i V3(t) -"-1 

< aip{tf + C^ m(— )^ 

< (Jv?(t)2 + C7^ m(^)^ 



x|tdivu||| + Z(t)" + l 



(Z(t)^ + l)2+-(i+=)-2 + (Z(i)^ + l)"^m(i+.)-2 lllxl 2 divM||2" 



2+; 



I m(l + s)-2 



(Z(t)^ + l)2+m(l + s)-2 



+ (Z(t)2 + l)|||x|tdivu||2 + (Z(t)2 + 1) 



2+ J 



(3.49) 
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where one has used the fact that ms 
Furthermore, it holds that 



m.(l-£)^ 
m— e(l— e) 



1 with e 



as m — )■ +00. 



\F\\Vu\^dx < ||F||2„||Vuf_4^ < C\\F\\2m{\\diYuf_^ + ||Lj|p4„ 

2m-l V 2m — 1 2m-l 

<C||F||2.n 



4m + 1 1 W I P 4m + 1 ) . 



Note that 



2/i + A(p) 



2/i + A(p) 2^ 



2m(2m-3) 
(2m-l)(m~l) 2m 
I I .\P\{2m~l){m-l) 



(3.50) 



(2;U + A(p))2m-1 



< lli^ll 



1 

m— 1 

2m, 



2(m-l) 



-dx 



(3.51) 



1 

m — l 



< C\\F\\- 
and from Lemma 12.21 (1), one has 

2 



4(m-l) 

(2/X + A(p)) 2^-3 

\p\2 \2Tk^ 



2^i + A(p) 



c\\F\\-'z{ty 



\\UJ\\ ~4ra < C\\uj\l2 
2m— 1 

< C2 (/3-l)(l-2e) Z(t)^~ '"(l~2s) y9(t) m(l-2£) < (^^(t)^^ m(l-2£) (^(^^ m(l-2£:) 



1-e 
7Ti(l-2e) 



(3.52) 



Substituting (ISliH]) into (f33T]l . then substituting the resulted (l33B and (13321) into (f830]l give 
that 



\l-s 



|x|tdivu||^+Z(t)" + l }^^' 



|X| 2diVtt||2 + 2'(t)'* + 1 ■2'(i)^ m(l-2.)(^(i)m(l-2.) + 1 



m—l 



■Z(t)- 



2div«||2'""' + Z{t)~ + 1 



\F\\Vu\'^dx < C7|m^(— )H^(t) 
+ Cm2(— )/3-i(^(t)^-'' 

1 777, (1 — s)m 

< Cm2(— )(/3-i)(— i)(^(t) 
+ Cm3(— )^99(t)^~^+'-(i"2.) ^(t)2-^;T(iT:2i) |||x|tdivu||i + Z(t)'* + 1 
+ Cm2( — )/3-i(^(t)i-* 

n (rim {l~-s)m. 2m-3 / a ma 

< (Tip{tf +Ca< ^m2( — i)Z(t)^^(^|||2:| 2divii||2"~ +Z(t)~ + 1 
+ [m^(— )?^Z(t)^"^^^(& ('|||x|tdivn||| + Z(t)" + l^ll ^+^"^^1 

^ 2 - 



|x|2divn||| + Z(t)" + 1 



2(m-l) 
m(s + l)-2 



1 772 

777 2 (—)~( lllxI'^div'Tilla + ^(t)'' + 1 



1 + 3 



< a^{tf +C„ 777(^)/3-l 



(1 + Z(t)2)2+™(^^i)-2 (|||x|tdivn||;''^+''-' +Z(t)-(»+i°)-2 +1) 



+ (1 + Z(t)2)^+(l + -)-(l-2.)-l + . (|||x|tdiV'u|y' + ''''"^'-'"'-' + " +Z(t)(l + .)m(l-2.)-l + . + 1) 



1 — 2ms + (4ms — 1)£ 



2m3(l-2e) 
(l+s)»n(l-2e)-l+e 



2ms(l-2E) 



|x|tdiv?/||2'+'' + Z(t)^ + 1 



<aV3(t)2 + C^ 777(^)/3-l 



|x|tdivM||| + l){Z{tf + 1) + (1 + Z(t)2)^+'"(l+'=)(l-2.)-l+e 

1 — ms — £ „ rx I 1 — ms 



1 — ms4-(2ms — l)e 



+ (1 + Z(t)2)^-^m(l-2.)-l + a: + (1 + Z(t)^) 



2n2+ 



m(3 + l) 



-2 +{l+Z(t) 



2\2+J 



(3.53) 
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Substituting (j3.49p and (j3.53p into (j3.45p and choosing a sufficiently small yield that 

rn 2 r rv o I 1 — ms + (2ms — l)e 

+Cm{-)— (|||x|2divn||^ + l)(Z(t)2 + l) + (l + Z(t)2)2+MTTi)(T32iKT+? (3.54) 

o o I l — ms~E n o I 1 — ms „ rx I 1 — ms 

+(1 + + (1 + Z(t)2)^+-(=+i)-2 + + 1)2+^ 

Note that lim.m-j.+oo[2"^(l — ms)] = 2, and so 1 — ms ~ 2e as m — )■ +oo. Thus for m sufficiently 
large, one has 

1 - ms + (2ms - l)e 2e + e(l-4e) 



m(l + s)(l - 2e) - 1 + e (m + 1 - 2e)(l - 2e) - 1 + e 
1 — ms — e e 

< 2e, 



m(l-2e)-l + e m(l-2e)-l + e 
1 — ms 2e 2e 



m(s + l)-2 l-2e + m- 2 m-l-2e 
and 

1 — ms 2e 

'•^ < 2£. 

m — 2 m — 2 

Then (I3.54p yields the following inequality for suitably large m, 

^^(^^W) + \^{tf < Cm(^)/^(1 + Z{tfr^^. (3.55) 

Note that 

<C j + (2^ + A(/>))(divn)2 + (3.56) 

< c{(i){t) + y p2(p)(ia;) e Li(o,r), 



where (/>(t) is defined as in (13. 4p . 

Applying the Gronwall's inequality to (|3.55p and using (|3.56p show that 

1 1 „ , m, 2 

+ Cme(— )'^-i > 0. 



(1 + Z2(t))3e (1 + Z2(0))3^ ' 
Then we have the inequality 



(1 + Z2(t))3^ - 2(1 + Z2(0))3= ' 

provided that 

This condition, i. e., (|3.58p . is satisfied if 

Cm^+/^2-™(^"/^) < ^, (3.59) 
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since 

^2 



Z^(0) = / fxiuoY + 



2n + A(po) 

V72 ||2 , II ||2/3 IIV72 ||2 , n ||27 



dx 

' < C. 



< c 

Now if /3 > 3, that is, 1 — > 0, then we can choose sufficiently large m > 2 to guarantee 
the condition (j3.59p . Consequently, the inequality (|3.57p is satisfied with /3 > 3 and sufficiently 
large m > 2. Then 

Z^{t) < 22""' (1 + Z2(0)) - 1 < C, 



and 

rT 



ip{t)dt < C. 







Thus the proof of Lemma 13.61 is completed. □ 
Step 5: Weighted estimates for the density: 

The following Lemma 13.71 is used in estimating the nonlinear terms (j3.95p and (|3.96p . 
Lemma 3.7 It holds that for ai> a with a being the weight in Lemma [3^ 

p\x\'^'dx < C. 



Proof: Multiplying the continuity equation (II. ip ^ by \x\'^'^ yields that 

{p\x\''^)t + div(/3u|x|"i) - pu • V(|x|"i) = 0. 
Integrating the above equation with respect to t, x over [0, t] x gives that 



p{t,x)\x\°'^dx = J po{x)\x\°'^dx + J pu-V{\x\°'')dxdT 
<M + aij^ j p\u\\x\°'^~^dxdt 



<M + ai[ Wulxf^-^WpWpWp^dt 

<M + C [ |||x|tVn||2dt < C{M), 
Jo 



where in the second and third inequalities we have used the Holder inequality and Caffarelli- 
Kohn-Nirenberg inequality Lemma [2T3l (l). respectively, such that the positive constants p,pi,ai,a 
satisfying the relations 



11, 1 ai - 1 1 f - 1 



a 

p Pi p 2^2'2^4' 

which implies that 

ai = — hi > a, if we choose p > . 

2 p 2 — a 

Thus the proof of Lemma 13.71 is completed. □ 

Step 6: Second order derivative estimates for the velocity: 
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Lemma 3.8 There exists a positive constant C = C{M), such that 

sup ||(l + |x|t)Vp(^,i)||i(t)+ r \\{l + \x\'i)V{H,L)\\ldt<C. 

Proof: Multiplying the equations (j2.6p ^ and (|2.6P o by H and L, respectively, summing the 
resulted equations together and then integrating with respect to x over yields that 



1 d 
2Jt 



J p{H^ + L^)dx + j fiiH^, - L,,f + {2fi + X{p)){H,,, + L^.fdx 
J p{H^ + L'^)di\udx — j fiujdivu{Lx2 — Hx^)dx 

-J p{2p + \{p)) [F{ ^^ ^^^^^ )' + ( ^^l^l^p-^ )'] {divu){Hx, + Lx,)dx (3.60) 
— J [H{ux2 ■ VF + puxi ■ Voj) + • VF - p.Ux2 ■ Vw)] dx 

+ J{2fi + A(p))[(ni^J^ + 2^12:2^2x1 + {u2x2f]{Hx2 + Lx^)dx. 



Set 



and 



Y{t) = l^J p{H' + L')dx 
m = (y l^{Hx, - Lx2? + {2p + Kp)){Hx2 + Lx.fdx^ ' . 

Note that 

= I [{Hx, - Lx^f + {Hx2 + Lx,f]dx < 
J A* 

Then it follows from the elliptic system 

pujxi + Fx2 = pH, -p.ujx2 + Fxi = pL, (3.61) 

that 

\\V{F,uj)\\p<C\\p{H,L%, Vl<p<+oo. (3.62) 

Now we estimate the right hand side of ()3.60p term by term. First, by the Holder inequality, 
(j3.62p . Caffarelli-Kohn-Nirenberg inequality in Lemma 12.31 (1) and the density estimate (j3.37p . 
it holds that 



j p{H^ + L')dwudx\ = I j p{H^ + L^) ^^^|^| dx| 



< ||Vp(g,L)|b||(ff,L)|U|| ^j^ + f f^^ || 4 < C\\^p{H,L)h\\{H,L)Ui\\F\\^ + 1) 
<C\\^{H,L)M{H,L)U{\\VF\\,+l)<C\\^{H,L)M^^ 

ot 4 — a a 4 — CK 

<C\\^iH,L)h\\\x\'iViL,H)U\\MH,L)h\\pf 

< ai\\\x\^V{L,H)\\l + C^,{Y{t)^ + 1) 



2 

2-a 



(3.63) 
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where ui > is a small constant to be determined and C^^ is a positive constant depending on 
cji. Second, direct estimates give 



^"2m + A(p)"^ 



< a^\t) + CMl{l + \\F\\l) < a^p\t) + CJVljWI {\\VF\\l + 1) 

3 3 

< a^p\t) + CMpiH,L)\\i + 1) < ai;\t) + C^i\\^iH, L)\\l\\p\\l + 1) 

3 

<ai;\t) + C„iYit)^ + l). 
Similarly, one has 



P{p) 



Next, 



<C\\\x\-^V{H,L)Up{H,L)\\., 

1 — OL 

where one has used the fact that 



||Vn||2 < C(||divt/||2 + ||w||2) < ^yj |2 + ||a;||2) < C. 

Ip + A^pj 



Note that 



(3.64) 



'2^ + A(p) 2/x + A(p) J (3.65) 

< a^\?(t) + + 1) < aV'^^i) + a(||VF||i + 1) 

3 

< aV^'W + a(||p(F,L)||l + 1) < aV^'W + c<,(y(t)4 + 1). 



< C / \{H,L)\\Vu\\V{F,uj)\dx < C||V^z||2||(i/,L)||4 ||V(F,u;)||^ (3.66) 



2 — 01 2-a 



\\piH,L)\\_^ = (^j p^\iH,L)\^dx^ ' =(^l ^\iH,LmH,L)\"^p^dx^ ' 

p(2 + a) \\P\\ q(6 + a) 
2-a 2{2~a) 

< C\\^{H,L){;^ [m,L)if" + ||V(if,L)||J^ 

< C||Vp(^,L)||J^||(1 + |x|f )V(if,L)||J*', 

(3.67) 

where p,q > 2 satisfying | + | = 1 and we have chosen p > 2 such that > ^ for a > 

given in Lemma l3.2[ 
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It follows from UiSmh and (ISlBTll that 

I — J [H{ux2 ■ VF + fiUxi ■ Voj) + L{ux^ ■ VF — fj,Ux2 ■ Voj)] dx\ 



6 + a 



< CY{t)^\\{l + |x|t)V(i/,L)||2^ < a\\V{H,L)\\l + a^\\\x\^V{H,L)\\l + C^,^,Y{tf. 

(3.68) 

Moreover, 

< a j{2fi + \{p)){Hx2 + Lx.fdx + C„ j {2p + A(p))|Vn|^dx 

Vtxill + ||A(p)||^||V^z||^l < + Cj\\{divu,uj)\\t + ||(div^z,a;)||^ 



||(F,a;)||^ + ||(F,a;)||^ + l < + C. ||V(F,u;)||i + ||V(F,u;)||| + 1 



\\piH, L)\\i + MH, L)\\i + 1 < + a(y(t)4 + 1). 



Substituting the estimates (I3.63p - (l3.65p . (I3.68P and (I3.69|) into (I3.60p . one can arrive at 
1 d 



(3.69) 



{Y-'{t)) + ip-'{t) < Aa^P\t) + 2ai \\ \x\^V{H, L)f^ + C,,,, (1 + Y''{t)f. 



2dt 



Choosing 4(7 = i, noting that Y'^{t) = ip^{t) £ L^(0,T), and then using Gronwall's inequality 
yield that 



Y^{t)+ [ i)^{t)dt<Y^{0) + 2ai [ \\\x\'^V{H,L)\\ldT + Ca 
Jo Jo 

By the compatibility condition (|1.6p . one has 

Y'{0) = \\^{Ho,Lo)\\l = \\gf2<C. 
This, together with (I3.70p . shows that 

Y\t)+ [ (r)dr < 2cJi / |||x|tv(i/, L)||i(ir + C,,,. 



(3.70) 



(3.71) 



In order to close the estimates in Lemma 13.81 we need to carry out the following weighted 
estimates to yfp{H, L) . Note that 

p{Hx, - Lx2? + (2/i + m){Hr2 + Lx,f - div{(2^ + \{p)){Hx2 + Lx,){L,H)'] 
-[pH(Hx, - Lx,)]^^ + [pLiHx, - Lx,)]^^ 

= p\ViH, L)|2 + + \{p)){Hx, + Lx,f - div[^V( ^ ) + {p + \{p)){Hx, + Lx,)iL, H)'] . 
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Similar to (j3.60p . it follows from (|2.6p that 

j ^p{H^ + L'^)\x\''dx + J{t) = j ^{H^ + L^)pu-V{\xndx + j piH"^ + L^){d\wu)\x\'']dx 



d_ 

Ik 

+ I puj{dwu)\_H{\x\°')xi — L{\x\°')x^dx — I iiu{di'vu){Lx2 — Hx^)\x\°'dx 



j [H{u.x2 ■ + /^Uxi • Vtj) + • VF - pux2 ■ Vw) 



\x\°^dx 



Pi2p + A(,)) [Fi^^y + (^^)'] (div.)(L, . Vi\xndx 
- j pi2p + A(,)) n.^^^)' + (^;^)'] + L.JI.rd. 

+ y {2p + \{p))[{uvx^f + 2uix2U2x^ + {u2x2)\L,Hf ■V{\x\^)dx 

9 

1=1 

where 

J{t) = j [\xr[ti\V{H,L)\'' + {p + \{p)){H.,, + Lx,f] 

- + + \{p)){H.x, + Lx,){L, Hf] ■ Vi\xn}dx. 



(3.72) 



(3.73) 



First, J{t) in (j3.73p can be estimated similarly as in (|3.22p . (j3.23p . ()3.24p and (j3.30p if replacing 
u by {L,HY = u. Therefore, if < 4(\/2 — 1), then there exists a positive constant such 
that 

J{t)>C-'[\\\x\'^ViH,L)\\l + \\\x\'^{H,,+L,,)\\l + \\ 

(3.74) 

Then the terms /j (z = 1, 2, • • • 9) on the right hand side of (j3.72p will be estimated as follows. 
By the Holder inequality, Caffarelli-Kohn-Nirenberg inequality in Lemma 12.31 (1) and Young 
inequality, it holds that 



xr-^'-\\ 



(3.75) 



< ||| p\iH,L)\'\u\\xr'dx\ < ^\\^iH,L)h\\VpU\xf^{H,L%\ 

<C||Vp(^,L)||2||V(i/,L)||^|||x|tV(i7,L)||i"^|||x|tVn||2 

< C||Vp(^,i)||2||(l + k|t)V(/7,L)||2|||x|tVn||2 

< a||(l + \x\^)V{H,L)\\l + C4^{H,L)g\\\x\^Vu\\l 

where the positive constants in the above inequality (j3.75p satisfying that 

1 1 1 1 1 Bi a , ^, 1 a — Bi — 1 a 

- + - + - = 0, - + ^ = -ri^-G), - + ^ = -, 

p q r 2 q 2 4: r 2 4 

which implies that 

4 

p = —, with e G (0,1). 
aO 

Then Holder inequality gives that 

\l2\ < ||Vp(^,i)kl^l|2||VPkl''Ml27l|div^/||p|||x|t-/'i(/7,L)||^, (3.76) 
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where /3i > is to be determined and p,q > 2 satisfying that 

1 1 1 _ 1 
2^^ q ~ 2' 

Note that it foUows from Lemma 13.21 and Lemma 13.51 that if 27/3i = a, then 

||^|X|^1||2^ = ( J p-^lxl^^^^dx)^ < C. 

Thus, if /3i = and 

1 g a 

2 27 _ with (0,1). 



+ 



2 4 

then by Caffarelh-Kohn-Nirenberg inequahty and Sobolev inequahty, it fohows from ()3.76p that 

F + P{p) 



Ihl <C\\^{H,L) 

<C\\^{H,L) 
<C\\^{H,L) 
<C\\^{H,L) 
<C\\^{H,L) 





a 


\x 


2 




a 


\x 


2 




a 


\x 


2 




a 


\x 


2 




a 


\x 


2 



\x 



a a 

"^iH,L)\\, 



'"2^ + A(p)"^' 
2(l|i^llp + linp)yi|V(i/,L)||^|||x|tV(i/,L)||i' 



|2(||VF||^ + 1)11(1 + |x|2)V(ii',L)||2 

p+2 

\,{\\p{H,L)\\j^ + l)\\{l + \x\^)V{H,L)h 

p+2 

|2(||Vp(^,L)||2 + 1)11(1 + |x|t)V(if,L)||2 
< a\\il + |x|t)V(i7,L)||2 + CJ^{H,L)\x\'l\\l{\\^{H,L)g + l). 

Similarly, it follows that 

\h\ <C j |w||(i/,L)||div'u||xr-^(ix < C||divu||2|||2;|'^it^||p|||x|"-''i-i(//,L)||^ 

<C||VL.||,J|V(F,L)||^|||x|tV(F,L)||l"^ 

if one has G (0, l),p,pi, g > 2, /3i > and 

1 



1 1 

p g 2 



which implies that 



P 2 



Pi 



1 1 

m ~ 2' 



2 + a(l + 0) 



1 a - /3i - 1 

- H — 

q 2 



< 2. 



a 



(1-^), 



Thus one can obtain from ()3.78p that 



|/3| <C||p(//,L)||pJ|(l + |x|2)V(if,L)||2<C||Vp(^,L)||2||(l + |x|f)V(i^,L)||2 
<a\\il + \x\'^)ViH,L)\\l + CJ^{H,L)\\l 

Then for /3i > to be determined and ^ + ^ = i, it holds that 



I/4I < C|||x|tV(if,L)||2|||x|'^idiv'u||p|||x|t-^ia;| 



<C|||x|2V(if,L)||2 
<C7|||x|fV(if,L)||2 



\\\xf^F\\p+\\\xf^P{p)\\, 
||VF||p, + ll||Va;||,,, 



|x|2 ^^oo\ 



(3.77) 



(3.78) 



(3.79) 



(3.80) 
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where we have chosen (5i = and by Caffarelh-Kohn-Nirenberg inequahty, pi and qi satisfy 
I < Pi < 2 {i = 1,2) and 

1 1 f -/3 _ 1 1 

p^^~p'i~2' g 2 ~ ^ ~ 2' 

Thus one can get from (j3.80p that 



\h\ <C|||x|tV(if,L)||2 
<C|||x|tV(i/,L)||2 



\\p{H,L)\\p,+l\\\p{H,L)\U, 

\\^p{H,L)h + l\\\^p{H,L)h (3.81) 



< a|||x|tV(if,L)||2 + \\^p{H,L)t2 + 1 



1 I 1 — 1 



Now we estimate /s, which is a httle more dehcate. For /3i > to be determined and ^ + ^ — 2' 
it holds that 

<C7 / \\x\''-^'iH,L)\\Vu\\\x\'^'V{F,uj)\dx 



(3.82) 

< C||Vn||2|||xr-^H^,^)llplll^l'''V(F,u;)||g 

<c|||xr-^H^,^)llpll/'(i^,^)kl''MI., 

where in the last inequality one has used the equalities (j3.6ip and Lemma 12.41 (2) provided /3i 
satisfies 

< /3i < 2(1 - -). (3.83) 

Now if we also choose 

I < /3i < a, (3.84) 

then 

\\\xrf'^{H,L)\\p<C\\V{H,L)f,^\\\x\'IViH,L)\\l^^^ (3.85) 
where 

For /32 > to be determined and for — + — = i, it holds that 

Pi Ql ^ 

\\p{H,V)\AH\ = I p'\{H,L)nx\''^'idx 

< ||Vp(^,L)|x|t||2|||(i/,L)r-V|'^^'^^t-ft||^j|p<y-i|^|/32 



\qi- 



If we choose Bo = — , then it holds that 

9i7 



\\p'^-^x\'^^\\g, = ( / p^^-^^^ijxl'^^^idx)^ 

= ( / p('?-5)9i|a;|7(i2;)^ < C||/>|x|7 ||:« ||p(5-|ki-i||^ < C, 



7-1 
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and thus 



\\p{H,L)\xfX < C\\^p{H,L)\x\^h\\\{H,L)r^\x\^-'i-^2- 



-P2\ 



IPl 



<C\\MH,L)\x\^h\\\{H,L)\\x\-^^\\l;l_,^ ^^^^^ 
<C||Vp(^,L)|x|t|b||V(/7,L)||^^(^^^)|||x|tV(i?,L)||^^^)(''-^) 
<C||Vp(^,L)|x|t||2||(l + |x|?)V(i/,L)||ri 
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where 



Pl{q-l) 2{q-l) 4 

It follows from (13:86]) and ([3:88]) that 



' + ^^"^ 7/^ =^(1 -^2) (3.88) 



q^ = {l + —)±— + -[e^q + 92{q-l)) > 2, if g ^ 2+, 0, ^ 0+, (i = 1, 2). 



Note that p is sufficiently large when q — )• 2+ and thus the above restrictions (|3.83p and (I3.84p 
on /?! when estimating I5 could be satisfied. Substituting (|3.85p and (|3.87|) into p.82p yields 
that 

I/5I <C||(l + |x|t)V(if,L)||2[||Vp(^,L)|x|t|||||(l + |x|t)V(if,L)||2^' + ||^^^ 



< a\\{l + \x\'i)V{H,L)\\l + C^\^p{H,L){l + 
Then, for /3i > to be determined and for ^ + | = ^, it holds that 
|/6| < Clldivnibll (F, L)\xf^ lip \\\p{2^i + \{p))F{ 



(3.89) 



V|„|a-/3i-l| 



2p + \{p)'' ' 

+11/^(2^ +A(p))(^-^^)vr-/^-i| 



(3.90) 



<C|||x|tV(i7,L)||2[||F|xr-'^i-i||, + ||P(p)|xr-'^i-i||, 

where 



Furthermore, for 1 < < 2 and 



1 /?! a 



1 a - /3i - 1 1 1 
- + - 



2 gi 2' 

it follows that 

llFkr-'^^-^, < C||VF||,, < C||p(i7,L)||,, < C\\^p{H,L)h, 

and 



\\P{p)\x\''-^^-% = ( j p^'i\x\^''-^'-^^'idxy < C||p|x|("^^i-i)^||^||p^^-^||_7_ < C, 
provided /3i is chosen such that 

(a — /3i — 1)(77 < a. 
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Therefore, from (j3.90p . it holds that 

\h\ < C\\\x\'^V{H,L)\\2[\\^{H,L)h + l] < a\\\x\'IV{H,L)\\l + C^[\\^{H,L)\\l + 1 
Then 



IM < C\\il + Xip))iH,,+L,,)\x\2\\2\\{\F\ + Pip))\divu\\x\2y 
<C||(l + A(p))(/7,,+L,J|x|t||2||(|F|+P(p))||x|t||2 
Next, for p = and q = tjj— satisfying ^ + ^ = 1, one has 

Ihl < C\\iH,L)\xr'Ui2p + X{p))\Vu\^\\g 



^ II2 

— 

" II2 



^ l|2 

— I I 

^ II2 



l|Vn||2^ + ||A(p)||i,||Vn 



||Vn||2 +1 <C||V(F,L)|x|2||2 



uj\\lq + ||divu||4^ + 1 



+ l <C||V(F,L)|x|t||2 ||V(F, + 1 



2g + l 



\\^{H,L)\\l + l <a||V(if,L)|x|t||l + a ||^(F,L)||Kl 



<C||V(F,L)|x 

< C\\V{H,L)\x 
<C\\ViH,L)\x 

< C\\V{H,L)\x 
Finahy, it holds that 

I/9I ^ /(I + ^(p))(^-2 + L^^?\xrdx + C„ + A(p))|xnV 
At the same time, it follows from Lemma 12.41 (2) and Lemma 13.71 that 
|x|"|Vti|^(ix = |||x|^Vm||4 < C |||x|^divu||| + |||x|^a;||4 

< C 

< c 

< c 



u\ dx. 



x\-iF\\\ + \\\x\-iP{p)\\\ + \\\x\-iuj\\\ 

4 , ll„7^l„|a|, uM-7t 



\\V{F,u:)r_^ + \\p-r\xrh_^\\p 



\\p{H,L)r_^ + 



\a\ II "1 



< c 



\\MH,L)\\l + ^ 



and for p,q> 1 satisfying ^ + | + ^ 



1, one has 



,iiiv^r 



<C||Vn||^^<C ||divn|||,+ 



\UJ\ 



4g 



||p|x| 
< C 



111 



||Vn| 



4g 



lli^ll!, + 11^11!, 



+ 1 



< c 

< c 



||V(F,a;)r_4^ + l 

2q + l 

\\MH.L)\\t + l 



< C 



\\p{H,L)t_^ + l 

2q + l 



Substituting and IKMh into i^^M^ yields that 

I/9I <^ [{1 + Kp))iH^2 + L^iflx^dx + a 



\\Vp{H,L)\\i + l 



(3.91) 
(3.92) 



(3.93) 



(3.94) 



(3.95) 



(3.96) 



(3.97) 



Substituting the estimates H^Tm . (I3775D . (ISTTTl) . (l3:79]) . ([MIDi dM]), dSJl]), dSMl), ([3:93]) and 
()3.97p into (I3.72p . then integrating the resulted inequality with respect to t over [0, t], and noting 
that 



po{Ho,Lo)\x\ 



\\9\x\ 



|2 
l2) 
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it holds that 



\\^p{H,L)\x\^\\l{t)+ [' \\\x\^V{H,L)gdt<C [' \\V{H,L)\\ldt + C, (3.98) 
Jo Jo 

which, together with the estimate ()3.7ip and choosing a, g\ suitably small, completes the proof 
of Lemma 13. 8[ □ 

Step 7. Upper bound of the density: We are now ready to derive the upper bound for the 
density in the super-norm. First, one has 

Lemma 3.9 It holds that ^ 

\\iF,u:)\\ldt<C{M). 

Proof: By ()3.62p with p = 3, one has for ^ + ^ = ^, 

\\V{F,u;)\\ldt<C r \\piH,L)\\ldt = C C [ p\H,L)\'dxdt 
Jo^ Jo J 

= cj I ^\{H,LmH,L)\'pldxdt (3.99) 
<C I \\^{H,L)\\2\\iH,L)\\%Jp\\l^dt. 

Jo 2 

By Caffarelli-Kohn-Nirenberg inequality in Lemma 12.31 (1), it holds that 

||(i/,L)||2p<C||V(//,L)||^|||x|/'H^,i)li;>r' 

< C\\V{H,L)\\l\\\x\'IViH,L)\\l-' < C\\{1 + |x|t)V(F,L)||2, 

with p > 2 and 6 £ (0, 1) satisfying 

1 = (1 _ + A) = (1 - + = ell^^ 

2p ^ 2 ^ ^ ^^2 2^ 4 

Substituting (I3.10UI) into (iSlMjl yields that 







\\V{F,u)\\ldt<C [ ||(l + |x|t)V(i/,L)||2cit<C, 
Jo 



which, combined with the estimate 



^ \\iF,uj)\\ldt <C r \\ViF,uj)\\ldt<C r \\p{H,L)\\ldt 

JO^ 5 Jo 5 

<C f \\^p{H,L)\\l\\^p\\ldt 

T 

<C sup \\^{H,L))\\l [ i\\^{H,L)g + l)dt<C, 

t£\0,T] Jo 



yields that 



(3.100) 



^ \\{F,u)\\ldt< 1^ ||(F,a;)||3,i,3(K.)dt<C. (3.101) 

The proof of Lemma 13.91 is finished. □ 
With Lemma 13.91 in hand, we can obtain the uniform upper bound for the density. 
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Lemma 3.10 It holds that 

p{t, x) < C{M), V(t, x) e [0, T] X R^. 

Proof: From the continuity equation (jLip -,^. we have 

u{p)t+u-Viy{p)+P{p)+F = 0, 

where ^{p) is defined in (j3.35p . 

Along the particle path X(r;t, x) through the point {t,x) G [0,T] x defined by 

dX(T;t,x) , SN 

\^-^=u{T,X{T-t,x)), 

dr 

X{T;t,x)\r=t = X, 
there holds the following ODE 

^Hp)ir, X{t; t, x)) = -P{p){T, X{t; t, x)) - F(t, X(r; t, x)), 
which is integrated over [0, t] to yield that 



uip){t, x) - v{po){Xq) = - / {P{p) + F)iT, Xir; t, x))dT, (3.102) 







with Xq = X{T;t,x)\r=o- 

It follows from (|3.102p that 



2p In + x) + f P{p){T, X{t- t, x))dT = ^poiXof - f F{t,X{t; t, x))dT. 

Po{Xo) 13 Jo 13 Jo 



So 



2pln < h\po\t + f ||F(r, ■)Udr < C, 

Po{Xo) P Jo 



which implies that 



Po{Xo) 
Therefore, we have 

p{t,x)<C, V(t,x) G [0,r] X M^. 

Hence Lemma 13.101 is proved. □ 
As an immediate consequence of the upper bound of the density, one has 

Lemma 3.11 It holds that for any 1 < p < oo, 

[ {\\dWu\\l + \\V{F,u)\\l)dt<C{M). (3.103) 
Jo 
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Proof: First, note that 



r wdivuwidt < c Cmto + mp)\\lo)dt < c. 

Jo Jo 



(3.104) 



Then for 1 < p < 2, it fohows that 

^ \\ViF,u;)\\ldt<C r \\p{H,L)\\ldt<C {{^{H, L)\\l\\^f_^dt < C. 

Jo Jo 2-p 

For ^ < p < oo, 

rT t-T 







\\V{F,uXdt<C \\p{H,L%dt 



<C j \\{H,L)\\ldt <C r 11(1 + \x\'i)V{H,L)\\ldt < C. 
Jo Jo 



Thus Lemma 13.111 is proved. 



□ 



4 Higher order estimates 



Based on the basic estimates and bound of the density obtained in Section 3, we can derive 
some uniform estimates on their higher order derivatives. We start with estimates on first order 
derivatives. 



Lemma 4.1 It holds that for any 1 < p < +oo, 

sup ||(Vp,VP(p))(t,-)||p+ r \\Vu\\lit)dt<C{M). 
fe[o,T] Jo 

Proof: Applying the operator V to the continuity equation (jl.iP j^. one has 
{Vp)t + Vu-Vp + u- V{Vp) + (Vp)divti + pV(divu) = 0. 
Multiplying the equation ()4.ip by p|Vp|*'~^Vp with p > 2 implies that 
{\Vp\P)t + dw{u\Vp\P) + {p-l)\Vp\Pdivu + p\Vp\P-Wp-{Vu-Vp)+pp\Vp\P-^Vp-V{dwu) 
Integrating the above equation with respect to x over gives that 



(4.1) 



0. 



^||Vp||p <C ||Vtx||oo||Vp||p + ||Vdivn||p 



< C 



|Vn|U||Vp||, + ||V( ^ + 



~2p + X{p)' 



< C 

By (j2.3p . one has 



|V?x||oo + lli^lloo + 1 llVpllp + ||VF 



CpU = VP(p) + pu = VP{p) + p{L, H)\ 



Thus the elliptic estimates yields that for any - < p < oo, 



\VMv <C[\\Vnp)\\p + \\p{L,H)\\,] 

< C[\\Vp\\, + \\iL,H)\\,] < C[\\Vp\\, + 11(1 + |x|f )V(L,F)||2]. 



(4.2) 



(4.3) 



(4.4) 
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By Beal-Kato-Majda type inequality (see [T], [23] and [50]) and (j4.4p . it holds that 



||Vu||oo < C'(||divn||oo + ll'^lloo) ln(e + ||V^u|| 4 ) 

< Cdldivniloo + Halloo) fln(e + ||Vp|| 4 ) + ln(e + ||(1 + |x| t)V(i7, L)^] 

The combination of (j4.2p with p = — and ()4.5p yields that 



(4.5) 



-llVplU <C||VF||4 

(It a a 



+c 



(lldivniloo + llwlloo) ln(e + ||V(i7,L)||2) + + 1 ||Vp|| 4 ln(e + \\Vp\\,). 



By the estimates (|3.10ip . ()3.104p . p.l03p and the Gronwall's inequality, it holds that 

sup \\Vp\\±<C, 

tG[0,T] 

which, together with (|3.1Uip . (|3.1U4p . (lOll and (gSj), yields that 

WVuW'Ldt < C. 



(4.6) 





Therefore, by (|4.6p . Lemma [3.9| Lemma [3.111 and Gronwall inequality, one can derive from (14.2 
that 

sup ||Vp||p < C(||Vpo||p + l) < C, VpG(l,+oo). 
Thus the proof of Lemma l4.ll is completed. 
Lemma 4.2 It holds that 



□ 



sup 

iG[0,T] 



K(i,-)IU + |||x|tVu(t,-)||2 



+ 



|x|2^t(||2(t)(it < C{M). 



Proof: The momentum equation (ll.ip o can be rewritten as 

pii + VP{p) = pAu + V((/j, + A(p))divti). 

Multiplying the above equation by u\x\" with a being the weight in Lemma 13.21 and integrating 
the resulted equations with respect to x over give that 



d_ 
di 



l^^—Y~ + + Hp))^^—y^ - ^'(p)div'uj + / pm^lxl'^dx = / P{p){u - n(divn)) 

iVnP (divu)2 
+pu- ^ pVu-u + {p + X{p))u- {p + A(p))(divn)'u| • V{\x\°')dx 

2 ,^ |2 2 



i,j,k=l i,j=l 



Ui 



i,j,k=l 

{divuf 
-pA (p) — — - 



2 3 

P{p) J2 dx.Ujd^.u, + (7 - l)P{p){dwuf] Ix^dx ■■=Y,Ki. 

ij=l i=l 

(4.7) 
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< C 

< C 

< c 

Then, it follows that 



^-ii 



Fhst, Ki can be estimated as 

\Ki\<C j P{p)\u\+ P{p)\u\\dbru\ + \u\\Vu\'^ + \Vu\\u\ 

+(1 + A(/9))(|n|(divn)2 + |divn||n|) 
||P(/9)|x|t||2||n|3;|t-i||2 + ||P(p)||oo||(divn)|3;|t||2||n|x|t ||2 
+ (1 + ||A(p)||oo)(||Vu||oo||Vn|x|t||2||u|2;|t-i||2 + ||Vu|x|t||2||n|x|t-i||2) 
||V'u|x|^||2 + ||(divu)|x|^||2||Vti|x|^||2 + ||Vu||oo||Vti|2;|t ||2 + ||Vti|2;|t||2||Vtt|x|^||2 
"(llVulloo + 1) ||Vn|x| 1 1|2 + ||V(F, L)|x| t Hi + 1 . 

(4.8) 
(4.9) 
(4.10) 



\K2\ <C + A(p))|Vn|3|x|"dx < C||Vu||oo|| Vn|x| t ||i, 



and 



li^sl <C j P(/>)|Vnp|x|"dx < CllV-ulxltll^. 
Note that for sufficiently small constant cr > 0, it holds that 



■ I^^P / % / ^\ (divii)2 , 
p^-^ + (/w + X{p)) ^ - Pip)divu 



> 
> 



f^-^ + if^ + Hp)) 

■ |Vn|2 



2 

(divii)^ 



\x\°'dx 



(i^ + Hp)) 



(divu)^ 



x\°^dx — a I {divu)'^\x\°'dx — C, 



Ix^dx - C, 



^aj PHp)\ 



xl^dx (4.11) 



if we choose cr = ^. 



Substituting (j4.8|) . (j4.9|) and (j4.10p into (j4.7|) . and integrating the resulted equation with 
respect to t over [0,t], and then using ()4.1ip and Gronwall inequality, it holds that 



sup ||Vn|x|t||2(t) + / \\^/p\u\\x\^\\l{t)dt < C, 
sfo,Tl Jo 



iG[0,T] 

which, together with the Caffarelli-Kohn-Nirenberg inequality, completes the proof of Lemma 



Lemma 4.3 It holds that for any 2 < p < +oo, 



sup 

te[o,r] 



\u{t,-)\\oo + \\Vu\\p+\\{pt,Pt)\\p+\\{V'p,V'P{p),V'u)\\2 + I \\V\\\ldt<C. 



Proof: By L — estimates to the elliptic system (|4.3p . one has 



sup ||V2n||2<C sup {\\VP{p)\\2 + \\p{H,L)\\2) 
te[o,T] te[o,T] 

<C sup {\\VP{p)\\2 + \\Vp{H,L)\\2)<C. 
te[o,T] 



(4.12) 
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It follows from the interpolation theorem, Lemma 14.21 and (j4.12p that 



sup ||'u(t,-)||oo < C sup \\u{t,-)r/"\\y'^u\\l+" <C. (4.13) 

tG[0,T] te[0,T] 

For any p £ [2,oo), by Sobolev embedding theorem, Lemma 13.61 and ()4.12p . it holds that 



sup ||Vn||p < C sup ||Vn||j|^i < C. 
te[o,T] ie[o,T] 



(4.14) 



Due to (jl.ip ^. one can get pt = —u-Vp — p divu and Pt = —u-VP — pP'{p) divu, which, together 
with the uniform upper bound of the density and the estimates in Lemma [4. II and (|4.13p - (j4.14p . 
yields that 

sup \\{pt,Pt)\\p<C, VpG [2,+oo). 

te[o,T] 

Applying to the continuity equation (jl.iP j^. then multiplying the resulted equation by 
and then integrating with respect to x over M?, one can get that 



>Vlli<c 



< C 



llV^lloollVVi + llVplUllVVlbllV^nlU + ||p||oo||VVl|2||V\||2 
\\\Vu\\^ + l)\\V'pg + \\V\g + l 
where one has used the fact that 

\\V^u\U < C||V\|||||V\||| < C||V\|||. 

Similarly, 

|l|v^p(p)||i < c[(||vu||oo + i)\\v'p{p)g + liv^iii + 1 

Note that ()4.3p implies that 

Cp{Vu) = V^P{p) + V[p{H, L)] + V(VA(p)divn) := 
Then the standard elliptic estimates and the estimate (|4.16p give that 

llV^^lb < C\m2 < c\\\V'Pip)h + ||p||oo||V(//,L)||2 + llVpll 4 ||(i/,L)|U 

2 — a 

+ (l|VVll2 + ||Vp||l)||div^x||oo + ||Vp||4||V2n|| 



(4.15) 

(4.16) 
(4.17) 

(4.18) 



< C 



3„ll 2 
2 



||(V2p(p), vV)||2(||Vn|U + 1) + 11(1 + |x|t)V(i/,L)||2 + \\V'u 
Consequently, 

||V\||2 < c[||(V2p(p), VV)||2(||Vn|U + 1) + 11(1 + |x|t)V(i/,L)||2 + l] . (4.19) 
Substituting KW\ into KT5\\ and KT7\i yields that 

±\\{V'p,V'P{p))\\l < c[{\\Vn\\l + 1)||(VV, V2p(p))||2 + 11(1 + |x|t)V(i/,L)||i + 1 
Then the Gronwall's inequality yields that 

||(VVv2p(p))||2(t)< r||(vVo,V2Po)||i 



+C 



[l + \x\2)V{H,L)g + l)dt 



c r {\\vu\\i+i)dt 

= Jo 



< C, 
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which also imphes that 



te[o,T] 

The proof of Lemma 14.31 is completed. 
Lemma 4.4 It holds that for — < p < oo 



sup ||(VV,V2p(p))||2(t)+ r \\V\\\ldt<C. 

SfO,Tl Jo 



□ 



sup W^util + |x|t)||i(t) + / {WVutWl + \\ut\\l)dt < C{M). 

Proof: First, it holds that 

sup ||Vpnt(l + |x|t)||2(t) < sup [||Vpu(l + |x|t)||2(t) + ll^n- Vtx(l + |x|t)||2(t) 



t6[0,T] 



< sup 



te[o,T] L 



< C. 



Then, one can arrive at 

rT 



Jo 



dt < C. 



For any - <p < +oo, 



dt< / {\\{H,L)%+\\ur^\\vur^)dt 



< / (11(1 + |x|t)V(i7,L)||2 + \\u\\l,\\Vu\\l)dt < C. 
Jo 

Thus the proof of Lemma 14.41 is completed. □ 
Lemma 4.5 It holds that 

sup \\ipt,Pip)uXip)t)\\mit)+ [ \\iptuPiph,\iph)\\ldt<C. 
te[o,T] Jo 

Proof: From the continuity equation, it holds that pt = —u ■ Vp — pdivu and pu = —ut ■ Vp — 
u ■ V Pt — ptdivu — pdivut, and thus 



sup ||V/9t||2(t) < sup ||Vp||4||Vn||4 + II llVVlb + ||/0||oo||V2u||2 
tG[0,T] te[0,T] L 



< C. 



and 



WpuU < llntlllllVplll^ + ||u||^||Vp*||^ + \\pt\\i\\Vu\\i + ||p||^||V..i||^ 

2 I ll„, l|2 



<Ci\\VutU + \\ut\\i + l). 

a. 

Therefore, it holds that 



^ WpttWldt < C rmVutWl + llntlli + l)dt < C. 
Jo °' 



Similarly, one has 



sup \\V{P{p)t,X{p)t)Ut)+ \mp)u,X{p)umdt<C. 

t€[0,T] Jo 



Thus the proof of Lemma 14.51 is completed. 



Lemma 4.6 It holds that 



sup 

tG[o,r] L 



where q > 2 is given in Theorem 



t\\{VuuVu)\\l + ||(/9,P(p))||w'2„(K2) + ||(Vp, VP(p))|| 

2^^\ , IIV72 



+ / t 
10 



W^/puttMit) + Wv'utWiit) 



dt < C, 



Proof: The estimates are similar to Lemma 4.5 in [31j except noting that, by (j2.3p , 

Vn = V(L, Hf = Vut - V{u • Vu). 

Consequently, it holds that 

sup [t||Vii||i(t)] < sup [i||Vut|||(t) +t||M||^||V^u||| + t||Vn||4] < C. 

te[0,T] tG[0,T] 

We omit the details and the proof of Lemma 14.61 is completed. 

Based on the estimates obtained so far, similar to Lemma 4.6 in |31j . one has 

Lemma 4.7 It holds that for any < r < T, 



sup [t^WVputtWlit)] + t^\\Vuu\\l{t)dt < C. 
te[o,T] 



Finaaly, we have the following 
Lemma 4.8 It holds that 

|2 



sup 

te[o,T] 



t\\\/u\x\i\\l + t\\{ut,u)\\\ + t\N^u\\l + t'^WV'^utWl + t'^WV^uf 



+ I t\\^ut\x\'i\\l{t)dt < C. 
Jo 

Proof: Applying the operator dt + div(u-) to the equation (??)j {i = 1,2) gives that 

piiit + pu ■ Viii = pA.Uit + pdiv{uAui) 

+dxit{{P' + X{p))d\wu) + div[u(9a;,((/^ + A(p))divn)] - d^.tPip) - diY{uda:^P{p)). 
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Multiplying the above equation by 2 with a > to be determined, then summing over 
i = 1,2, and then integrating with respect to x over imply that 



d 
di 



I [||Vtt|2 + ^i±^(divn)2]|x|tdx + j p\ut\M'^dx 



\ — 1 

pu ■ Vn • ut\x\ 2 dx 



^2 



+ A(p) 



put ■ Uxjdx^{\x\2)dx + I {p + X{p)){divu)ufV{\x\2)dx 
(divu 



\x\ 2 dx + 



dr u ■ Vn • iu\x\ 2 )y fdx 



{dYvu)dx.u ■ {u\x\ 2 



+ I Ux. ■V{u\x\'i)f u^.dx - I {p + X{p) + p>^{p)){d\\ufdi\{u\x\'i)tdx 



+ / {p + \{p)){(ii\u)ux. ■\/{uj\x\-2)tdx + I (p + X{p))d:c,UkdxkUjdiv{u\x\2)tdx 



P{p)ux^ ■V{uj\x\2)t+ {-f - l)P{p){diYu)dw{u\x\2)tdx :=^Qj. 



i=l 

First, it holds that 

pu -Vii ■ ut\x\2dx\ < 4 ||2||i/pii||oo||Vn|x| 4 II2 

< C||Vpnt|a;|f ||2||Vn(l + |x|t)||2 < a\\^ut\x\^g + a||Vn(l + |x|t)||2. 
Then, one can obtain 



(4.22) 



(4.23) 



pu ■ Uxjdxj {\x\ 2 )dx + J {p + A(p))(divn)tt • V(|x| 2 )(ia 



+ J pu - Ux^t0xj{\x\2)dx + J {p + X{p)){divu)tu-V{\x\2)dx + J X{p)t{divu)u ■ V {\x\ 2 )dx 

d { f a f a ' 

~~dt / ■ ^^j'^^j(l^l^)^^ + {p + X{p)){divu)u-V{\x\2)dx 



+ C\\u\x\'^-%\\Vut\\2 + C||A(p)t||oo||n|x|t-i||2||Vn||2 

d { f a f a ' 

~~dt / /^^ ■ ^^j'^^j(l^l^)'^^ + / (/^ + A(yo))(divu)n • V(|x| 2 )dx 
+ C||Vti|x|t ||2||V(ntt + UfVu + u- Vut)\\2 
+ C(||n-VA(p)||oo + ||pA'(p)div^z|U)||Vn|x|f ||2||V«||2 

<-^[/.n.n,a,(Nf)d. + /(. + A(p))(div.)n.V(|.|t).. 

+ C||Vu|x|t II2 [Wvutth + l|Vu||oo(||Vuj||2 + ||Vn||2) + IIVVII2 + 
Obviously, 

IQ3I < C||A(/))t||oo||(divn)|x|t||2 < C(l + ||divn||oo)||Vn|x| 



>||V2n||2 + ||Vn||2 



(4.24) 
(4.25) 



Now we estimate (54, which contains six integrals. For simplicity, only the first and the last 
terms in Q^, denoted by Q\ and Q% respectively, will be computed as follows. The others terms 
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in Q4 can be done similarly. 

9:i.,M • Vn • (nixl 2)^.(i2; + ||Vn||oo||Vnt||2 ||V?i|x| 2 ||2 + ||m|x| 2 ^||2 



~ dt 
d f 

-Jt 9^,''-^'^-('^\^\^)xjdx + C^\\Vu\x\^\\l + \\Vu\\l^\\Vut\\l 



and 



cl f 

Q\ = / (/U + X{p))dxjUkdx^Ujd\-v{u\x\^)dx 

+ j {iJL + \{p)){dxjUkd,j.f^Uj)^(ii\{u\x\^)dx + j X{p)tdxjUkdxf^Ujdiv{u\x\^)d3 

~ di (f^ + ^iP))^^j'^kdxk'i^j<iiv{u\x\^)dx 

+ [\\Vu\\^\\Vut\\2 + ||A(/9)t||oo||Vn||l) [||Vtt|x|t||2 + H-ulxlt" 
d 



< 

~ dt 
It follows that 

Q5 = 



dxjU ■ Vu ■ {u\x\ 2 )xjdx + C 



||Vn|x|2||^ + ||Vn||^(l + ||V^Xi||^) 



d 

It L 



P{p)uxj • V(nj|x| 2 ) + / (7 — l)P(/3)(divw)div(ti|3;| 2 )dx 



+ I P{p)tUxj ■ V(n-,|x| 2 ) + / (7 - l)P{p)t{divu)div{u\x\ 2 )dx 



< 



+ / P(p)ua.^.f • V(nj|x| 2 ) + I {-y - l)P{p){divu)tdiv{u\x\2)dx 
d 



dt 



P{p)ux^ ■ V{uj\x\ 2 ) + / (7 - l)P(/9)(divn)div(n|x| 2 )dx 



< 



+ C||P(p)t||oo||Vtx||2||Vli|x|2||2 + C||P(p)||oo||VtXt||2||Vn|x|2||2 



+ C 



P{p)ux^ • V{uj\x\ 2 ) + / (7 — l)P(/3)(divn)div(n|x| 2 



||Vn|x|2||2 + ||Vn||^ + ||Vni||^ 



(4.26) 



(4.27) 



(4.28) 



Substituting (|03|l . gSD, (025]), ([06|l . (|i:271) and (0:28]1 into (jCT]) and choosing a = \ gives 
that 



1 



Rit) + Trll^/i^^tkl * II2W < C {\\Vu\\t, + 1)(1 + WVutU + llVnll^) + ||Vn|x| 2 



+ (1 + \\divuU)\\Vu\x\ni + \\Vu\x\^UVuuh + W'utWi + WutWt' ||V^nt||2"+' llV^njl^ 



< C[{\\Vu\\1 + 1)(1 + WVutWl + llVnIli) + ||Vn|x|t||i + (1 + ||div^z|U)||Vn|x| 
+ ||Vn|x|t||2||Vu«||2 + llVVlll + \\ut\\\\\V^ut\\l 



(4.29) 
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where 



1 r 



f l|2 
II2 



R{t) = -[A^||Vn|x|f ||2 + /i||(divu)|x|4||2 + ||yA(;^(divii)|x| 

+ / fiu ■ Uxjdxj{\x\2)dx + {jj. + X{p)){dwu)u ■\/{\x\2)dx - / dx.u-Vu-{u\x\^)x 
dx.u -Vu ■ {u\x\^)^dx + {divu)dx.u ■ {u\x\2)^dx - / u^. ■ V{u\x\2) ■ Ux.dx 



,dx 



+ J {fi + X{p) + pX'{p)){divu) div(tt|2;| 2 )dx — J {p + X{p)){divu)uxj ■ V{uj\x\ 2 )dx 
+ / P{p)uxj ■ V{uj\x\2) -\- {'f - l)P{p){divu)div{u\x\2)dx. 



dt < C, 



It can be computed that 

f-T 







R{t)dt < C / ||Vti(l + |x| 2 )||^ + ||Vn||t + ||Vn||^ 



and 



/r\ /I J I \\T—! I I — II II I I— 111 

pu ■ Ux^Oxj[\x\ 2 )dx\ < — ||Vn|x| * ||2||^i|2;| 4 ||2 < 



pa 



||Vn|x| 



12) 



(4.30) 
(4.31) 
(4.32) 



^-1 



For r > 2 and close to 2 and satisfying i + i = i and ^ + = |6' with 9 G (0, 1), it holds 
that 



{p + A(/?))(div'u)n • V{\x\2)dx\ 



< ^[||(divu)|x|t||2||n|x|t-i||2 + ||yA(^(divn)|x|t||2||A(p)|U|n| 



x\ i 



< 



< 



pa 



pa 



||(div'u)|x|?||2||Vtt|x|t||2 +C||\/A(p)(divn)|x|t||2||Vn||2"^||Vn|x| 



(4.33) 



||(div'u)|x|f ||2||V'u|x|t||2 +cj[||\A(p)(divn)|x|?||i + ||Vu|x|t||2] + Ca\\Vu\\l 



By (gUl), it holds that 

||V\||2 < C||<i>||2 < C\\\V^P{P)\\2 + ||p||oo||Vli||2 + ||Vp||^||li|| 8 

+ (IIVVIU + \\Vp\\l) \\divu\U + ||Vp|U||V\||2 



(4.34) 



< C 



1 + ||Vu||2 + ||Vn|x| 4-II2 



Then the other terms in (|4.30p can be estimated as 



J dxjU • Vu • (n|x| 2 ~ 



dx 



J dxjU ■ Vn • (u|x| 2 )x.dx 
Ux. ■ V(n|x| 2 ) . Ux.dx 



+ J {divu)dxjU ■ {u\x\ 2 )xjdx - 
+ / (^ + A(p) + pA'(p))(divii)2div('u|x| 2")(ix — / {p + X{p)){divu)ux - ■ S/{uj\x\2)dx 



+ J P{p)uxj ■V{uj\x\2) + y (7 — l)P(p)(divti)div(n|x| 2 )(ix 
< C||Vu|x|t||2(||Vu|x|t||2 + ||'u|x|?-i||2)(||Vu||oo + 1) 



(4.35) 



< C||Vii|x|f ||2||V^x|x|f ||2(||Vn|U + l) 

< C||Vu|x|^||2||Vu(l + |x|?)||2(||Vt/|||||V\||| + 1) < C||Vn|x|?||2(||V\||| + l) 

< C||Vu|x|f ||2(||Vu||| + ||Vtt|x|t||| + 1) < cj||Vu|x|f 11^ + Ca{\\Vu\\l + 1). 
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Thus it holds that 



>^[(l-^)||Vn|x|f||i + ||(divt.)N 



I2 - ^ll(divu)|x|4||2||Vu|x| 



+{\ - <^)ll\A(^(divn)|x|t||2 - 2a||Vn|x|f Hi - C^{\\Vu\\l + l) 



(4.36) 



||V?i|x|f II2 + ||(divu)|x|t ||2 + \{p){d\-vu)\x\ 



C{\\Vu\\l + l) 



where in the last inequality one has used the fact that the quadratic term in the square brackets 
is positively definite when < 4(\/2 — 1) and one has chosen a suitably small. 

Multiplying the inequality (j4.29p by t and then integrating the resulting inequality with 
respect to t over [r, ti] with both r, ti G [0, T] give that 



tiR{ti) + 



1 



t\\^put\x\-\\l{t)dt < tR{t) + C / t(||Vn||L + 1)(1 + \Wut\\l + ||Vn||2) 



+ ||V?i|x|t||2+t2||Vutt||2 + t||v2nt||i + t||txt||i||v2nf_^ 

2-a 



dt 



< tR{t) + C / ||Vn||^ + 1 + \\Vu\x\2\\l + f\\Vutt\\l + t\\V^ut\\l + WMW + ^(0 

By (|4.3ip . there exists a subsequence such that 

T/fc — )• 0, TkR{Tk) — )■ 0, as A; — )■ +00. 
Take r = Tfc in (j4.37p . then k — )■ +00 and using Gronwall inequality, one can obtain 

cT 



dt. 



(4.37) 



sup [tR{t)]+ f \\^put\x\'i\\l{t)dt<C, 

EfO.Tl Jo 



te[o,T] 

which, combined with (j4.36p and Lemma 14.61 yields that 



T 



sup [t\\Vu\x\'i\\l{t)+t\\{ut,u)\\\{t)\+ \\^ut\x\'i\\l{t)dt<C. 
te[o,T] °= JO 

Finally, by (lilSl) . it holds that 

||V3n||2 < C[||(VV, V2p(^))||2(||V^/||oo + 1) + ||Vn||2 + \\Vp\\^\\u\\s + ||Vp||oo||V2^x||2] 

4 — a a. 

< C[||Vn|||||V\||| + ||Vu||2 + Hulls + 1] < C[||V='n||| + ||Vn||2 + H-ulU + l] , 



which implies that 



sup [tllV^^-ulli] < C sup [t\\Vug + t\\ut\\lit) + l] <C. 



tG[0,T] 



te[o,T] 



Then it holds that 



sup [t^V\t\\l{t)] < C sup t2||^^^^||2(i)+i2||^^||2^(^)^^2||^^^||2^^2||^3^||2^^ 
te[0,T] tG[0,T] L 



< C. 



and one can obtain 



sup [t2||Vn||2,2,,(t)] < C sup t'^\\Vu\\l2+t^\\Vut\\l^ + l 

tG[0,T] te[0,T] L 



< C. 



So the proof of Lemma 14.81 is completed. 



□ 
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5 The proof of main results 

In this section, we give the proof of our main results. 

The proof of Theorem 11.11 We first show that (p, u) is a classical solution to (jl.ip if 
{p,u) satisfies ([L9D. Since u G L'^{0,T;L^ n D^{M.'^)) and ut G L'^{0,T;L^ nD^{M.'^)), so the 
Sobolev's embedding theorem implies that 

u e C([0,T];L^ nL»2(K2)) ^ c([o,r] x 

Then it follows from {p,P{p)) G L~(0, T; VF2'5(r2)) and {p,P{p))t G L°°(0, T; //^(R^)) that 
{p,P{p)) G C([0,r];VFi'9(M2)) nC([0,r];VF2.'?(]R2) _^„eaA:). This and Lemma SSI then imply 
that 

{p,P{p))eC{[0,T];W^'^R')). 

Since for any r G (0, T), 

(V-u, V^-u) G L°°(r, T; W^'^M."^) D L'^{M.'^)), (Vut, V\t) G L°°(t, T; L2(m2)). 
Therefore, 

{Vu,V^u) G C([r,r] X M^)^ 

Due to the fact that 

V(p, Pip)) G C([0, T]; H^1'«(m2)) ^ C([0, T] x R^) 
and the continuity equation (jl.ip ^. it holds that 

p^ = u-Vp + pdivu G C([t, T] X R^). 
It follows from the momentum equation (ILlh a that 

{pu)t = CpU — div{pu (8) n) — VP(p) 

= pAu + {p + X{p))V{divu) + (divu)VA(p) + • Vu + piidivu + {u • Vp)ii - VP(p) 
G C{[t,T] X m2). 

Then the proof of Theorem 11.11 follows from Lemma 12.11 which is about the local well- 
posedness of the classical solution and the global (in time) a priori estimates in Sections 3-4. 
In fact, by Lemma \2.1\ there exists a local classical solution {p,u) on the time interval (0, T*] 
with > 0. Now let T* be the maximal existing time of the classical solution (p, u) in Lemma 
12.11 Then obviously one has T* > T^,. Now we claim that T* > T with T > being any fixed 
positive constant given in Theorem 11.11 Otherwise, if T* < T, then all the a priori estimates 
in Sections 3-4 hold with T being replaced by T*. In particular, from the inequality ()3.98p . it 
holds that 

(l + |x|t)VpnGC([0,T*];L2(M2)). 

Therefore, it follows from a priori estimates in Sections 3-4 that {p,u){x,T*) satisfy (II. 5p and 
the compatibility condition ()1.6p at time t = T* with g{x) = ^/pu{x,T*). By using Lemma 
12.11 again, there exists a Tj* > such that the classical solution (/>, u) in Lemma 12.11 exist on 
(0, T* + r*], which contradicts with T* being the maximal existing time of the classical solution 
{p,u). Thus it holds that T* > T, and the proof of Theorem II. II is completed. □ 
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The proof of Theorem 11.21 Based on Theorem 11.11 one can prove Theorem 11.21 easily as 
fohows. Since 

for any 2 < q < +oo, it follows that under the conditions of Theorem 11.21 Theorem 11.11 holds for 
any 2 < q < +oo. Thus, we need only to prove the higher order regularity presented in Theorem 
O □ 



Lemma 5.1 It holds that 



sup 

te[o,T] 



\\^v\ut) + \\{p,p{p),x{pmH^{t) 



IV^uWldt < C. 



The proof of Lemma l5.ll is completely similar to Lemma 6.1 in [31] • We omit the details 
here for simplicity and the proof Theorem 11.21 is complete. □ 
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